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= Gravity is the most interesting
interaction in Nature, and the one
we know less about

s Gravity determines the Universe
evolution: Cosmology

s Cosmology has become a precision
science with an incredibly huge
amount of data
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Thales of Miletus 624 BC- 548 BC

P B - -~

Desrcibe Natute (Physis) without superstition, myth or religion,
but with observation, experimentation, superposition and
deduction. The term Physics appears.



Pythagoras of Samos 570 BC- 495 BC

Pythagoras is
often considered
the first true
mathematician.

The Pythagoreans' believed “All is Number,”
meaning that everything in the universe depended
on numbers. They were also the first to teach that

the Earth is a Sphere revolving around the sun.

The terms Mathematics (that which is learnt) appears



Themistokleia 6th century BC




Euclid 325 BC- 270 BC

Father of Geometry (Measuring the Earth).
Axiom, Lemma, Theorem, Proof.



Aristototelian-Ptolemaic
cosmological model

Schema huius pramiffz diuifionis Sphararum.

Autolycos, Eudoxos, Callipos, Apollonios, Conon, Arhimedes,
Hipparchos, Sosigenes, Ptolemy 6



Maragha Observations

m‘s‘m_’j’; - =

R

= Observations in Maragha in
11t century, started putting
into doubt Earth’s non-motion,
however not geocentrism.



Copernicus - 1500

Heliocentrism, (Aristarchus)
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Brahe, Kepler- 1600

Heliocentrism, elliptical Orbits

Erticies Fecrons Branr . ...
LTATIS SVA. ANNO 50, C Confec

MrThias B
MDCYRVIL

(}V(\ POST DIVTINVM
EXIFIVM LIBERTAFI
DiViING PRO

RESTITVTV S EST.

11



Galileo - 1600

= Bodies fall with the same speed, independently from their weight.

EiS
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Newton - 1700

Law of Universal Gravitation:
All bodies (either apples or planets) attract mutually.
First time that gravity is related to astronomy
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Mercury periliheimum - 1859

- The true orbits of planets, even if seen from the SUN
are not ellipses. They are rather curves of this type:

RN
\_ ‘\
‘!. ’ This angle is the
2 perihelion advance,
( N ) oredicted by G.R.
e For the planet Mercury 1t is
Agp =43"of arc per century



Michelson—Morley experiment - 1887

Michelson-Morley Experiment
I<ther
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General Relativity

= The last theory from one scientist, the first collective theory
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Gravity: General Relativity

= Matter tells spacetime how to curve
Curved spacetime tells matter how to move
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60 years of tension

THE VULCAN
THEORY

UNVEILED
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Modified Gravity before General Relativity

= Modifications to Newton's Law

= Inverse Cube Law.

s Extended Inverse-Square Law (Simon Newcomb -1880’s)
= Lord Kelvin - theory of everything (end of 19th century)

= Hendrik Lorentz: gravity on the basis of his ether theory
and Maxwell's equations. (1900)

= Nordstrom's theory of gravitation (1912 and 1913)
s Einstein's scalar theory of gravity (1913)

19



General Relativity

= Einstein 1915: General Relativity:

energy—momentum source of spacetime Curvature

——[d“x/-g[R-2A]+[d*x L,(g,..)
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The 1ssue of reference frames

and observers

_| Celestial
Equator

Ecliptic
Equinox

Who is at motion? The Sun or the Earth?

A famous question with a lot of history behind it

Since oldest
antiquity the
humans have
looked at the sky
and at the motion
of the Sun, the
Moon and the
Planets. Obviously
they always did it
from their
reference frame,
namely from the
EARTH, which is
not at rest, neither
In rectilinear
motion with
constant velocity!



Classical Physics Is founded.......

e 0n circular reasoning

e \We have fundamental laws of Nature that
apply only In special reference frames, the
Inertial ones

« How are the nertial frames defined?

« As those where the fundamental laws of
Nature apply



The i1dea of Gen

It would be better if
Natural Laws were
formulated the same In
whatever reference frame

Whether we rotate with
respect to distant galaxies
or they rotate should not
matter for the form of the
Laws of Nature

To agree with this idea we
have to cast Laws of
Nature into the language of
geometry....




Equivalence Principle: a first

approach
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This 1s the Elevator Gedanken
Experiment of Einstein

There Is no way to decide whether we are In
an accelerated frame or iImmersed in a
locally constant gravitational field

The word local 1s crucial In this
context!!



G.R. model of the physical world

Physics

Geometry

The when and the where of any
physical physical phenomenon
constitute an event.

The set of all events is a
continuous space, named space-
time

Gravitational phenomena are
manifestations of the geometry
of space—time

Point-like particles move in
space—time following special
world-lines that are “straight”

The laws of physics are the
same for all observers

An event is a point in a
topological space
Space-time is a
differentiable manifold
M

The gravitational field is
a metric g on M

Straight lines are
geodesics

Field equations are
generally covariant under
diffeomorphisms




Hence the mathematical model
of space time Is a palr:

(M, g)

Differentiable
Manifold

/

AN

Metric

We need to review these two fundamental concepts
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Tangent spaces and vector flelds

In a neighbarhood U7, of each point p € M

we consider the curves that go through p The tangent space in a peneric point of an S2 sphere

Vvpe M :p—= T M dimT,M = m| Underchange of local
coordinates

T, M parametrizes the possible directions

in which a curve starting at p can depart. ¥ =z (y) ) y" =y"(z)
3 - oy” ] ]
- 6 t — C” ( ) — Ca
ty=c" Ot > TyM ! ozt / Oy* oy"
A tangent vector is a 15t order o= (33!”’)
differential operator ox#




Parallel Transport
pr ()

A vector field is
parallel transported
along a curve, when
It mantains a
constant angle with
the tangent vector to
the curve

w &
g’

\ 74




The difference between flat and
curved manifolds In a flat manifold,

while transported,
rX () the vector Is not

ERZ

b x () rotated.
In a curved manifold
ot it is rotated:

(—




To see the real effect of
curvature we must consider.....

Parallel transportalong LOOPS

After transport
N along a loop, the
y vector does not
y ¢ come back to the
M original position but
It Is rotated of some
angle.



What do particles do in a
gravitational field?

Answer: They just go straight as in empty space!!!!

It is the concept of straight
line that is modified by the
presence of gravity!!!!

The metaphor of Eddington’s sheet
summarizes General Relativity.

In curved space straight lines are
different fromstraightlines in flat
space!!

The red line followed by the ball
falling in the throatis a straight line
(geodesics). On the other hand space-
time is bended under the weight of
matter moving inside it!




What are the straight lines

They are the geodesics, curves that do not change length under small
deformations. These are the curves along which we have parallel
transported our vectors

q2 On a sphere
it geodesics are
maximal circles

In the parallel transport the angle with
the tangent vector remains fixed. On
geodesics the tangent vector is
transported parallel to itself.



et us now review the general
case

1 Geodesics

The general equation for the geodesics is obtained from the variational

principle
0L =0 where L =-—g, () 2*z"
having set the proper time (or distance): Christoffel
J \/ detdz? symbols
/ T / —9w (Z) ¢ » _
and we obtain — - Levi Civita
_d A E di connection
A2 P dx dA




Variational Principle for Free Test Particle Motion

The world line of a free test particle between two timelike separated points

extremizes the proper time between them.

TABLE 8.1 Extremal Proper time é [ dv = 0 and Equations of Motion

Vanational Principle

Equation of Motion

Particle in flat
spacetime

Geometric
Newtonian

General metric

&f{—nwﬁtfx”d.rﬁluz =0

1/2
af[u +20/c%)(cdt)? — (1 — 20 /c)(dx? +dv* + d:z}] =0

(to leading order inl /c*)

3 f (—gup dx®dxP)12 = ¢

dl o

11 -0
dr+
d>x! L
di2  axt

(to leading order in 1/¢%)

P i
dr? By dr dr




The procedure for finding the equations for timelike geodesics in spacetime is
a :«trmgptfunwrd generalization of Example 8.1. The proper time along a timelike
world line between two points A and B in spacetime is. from (7.19),

B B
IAH=f d;:[ [—gap(x) dx*dx?#]"? . (8.7)
A A

The world line can be described parametrically by giving the four coordinates x®
as a function of a parameter o that vaties between o = 0 at endpoint A and o = |

at endpoint B. The proper time between A and B is then

: dx® dxB\ "/
TAB=j[; do (—Saﬁ{-‘f]d—nﬁ) : (8.8)

The world lines that extremize the proper time between A and B are those that
satisfy Lagrange’s equations,

d L L
do (ﬂ(dx“fdsr}) toxe =0 ®9)

for the Lagrangian

1/2

dx® dx® dxf
L (E.x") - (_guﬁ(x;ﬁ é) . (8.10)



4.2 Geodesic equation from variational principle

Consider motion of particle along a path %(7). We will perform a variation on this
path between two points P and Q. The action is simply

S = / dr. (4.27)

In order to perform the variation, it is useful to introduce an arbitrary auxiliary
parameter s. Here ds is displacement on spacetime. We have

| dze da?\1/2 |

We vary the path by using standard procedure:

0S = J/dr
) dr® drby 1/2 |
= f "(-%mx) as

B 1/(]9'(— (l.t“’d.l’b)‘l/2 o dz® dr? 9 doxr® dab
) ‘ Jab 3 ds Jab '

ds ds ek ds ds



Considering the last term.

déz® d2® d

(Ltb
* S e 3
M35 ds T~ ds| BT g, ]

The two points, P and ) are fixed. We can set first term of above equation to zero.

dg.,b dz? d2z®
s oxr” T + 2,02 i

Therefore we obtain

1 drodrb\-12[ _ dr°dr® dg,,di® NE 2.
g = "/ds _g“dsﬁ) [_"g""ds PR P T e TR ]
ds?[ . dr"ds® _dgmdz®_ &2z
= /dT [ ogabds 3z +2ds dsér +2gabd,,6.r]

dr® dz® dg,, dz” _ d2z®_
= 2/(17’[ 5gabd dT+2dT dT().r +2yabd_r25:r].

By using chain rule we get

1 Ogobd.r“d.rb = ayabd-rcd‘rb dQIb |
W= 5/“{‘5???‘1 2o a ar? "
1 dzdst. o da dx“ dz* da® &z
_ E/dT[—abgm: A ¥ dr d.l' +aaybcd dr dr 261']
L[1 dxr® dz© 5
= /dT(SJ: [‘2‘ anc +acyba +aagbc) ar d + Gba dr2



We set the variation of action to zero, 45 = 0 and multiply by g%,

| dr dr®  _ d%r®
39" = Oec + Ot + ) G + 07 =0

We therefore recover geodesic equation:

ot | drtde

= ()
dr2 “dr dr




The Christoffel symbols are:

Fi;]_ — %gﬂ-b" {apgug _I_ aggyp - aygpg}

Where from do they emerge and what is their meaning?

‘ ANSWER: ‘ They are the coefficients of an affine
connection, namely the proper

mathematical concept underlying the

concept of parallel transport.

Let us review the concept of “-
connection




It suffices that the field equations be

of the form:

G, =47GT,, == D""T =0

-Source of grav1ty in Newton’s thcory 1/s the tnass Gatc

*In Relativity mass and energy are mterchangeable Hence Energy must
be the source. of graV|ty ~ -’-\ + R .

-Energy IS not a scalar |t IS the Oth component of 4- momentum Hence
4—momentum must be the Source of grawty '

-The current of 4a—momentum is the stresé energy tensor. It has just so
many components as the metrlcIl

-Einstein tensor.is ‘the unique tensor quadratrc In derlvatrves of the
metric that couples to stress-energy ‘tensor consistently




(58}51-1 - JfﬁﬂddT
- [atni(v=aha)
/ d /=g 6 Ry + f d*z\/=gRu0g™ + f d*zRé\/—y.

Now we have three terms of variation that
05gn = 05gn(1) + 05en(2) + 05EH(3)

The variation of first term 1s

551:‘11{1) = [di-’ﬁ\/'_ﬁﬁﬂbfmub-



Considering the variation of Ricel tensor,

Rop = R g = chrfmb - Ejbrﬁc + Fﬁdl—ﬁu - P{E;dl—ﬁc (4-5)
ORyw = 0.0T% — 9,07 + T4 6T, + T, 608 — T2 6T, — T 6T
- (EL_JP; S V) O ) P@éP;)

~ (3b5r*;t,_ TR ) A )y mgmd)
and the covariant derivative formula: N
VAT, = 0.dT, + T50Th, — 40T, — Tl (46)
and also

VydlC, = 9,0T¢, + 5,07 — Id gT¢, — ¢

C

oL, [4.?)
we can conclude that

SRy, = V0T, — V,0T¢,. (4.8)



5Rup = V.OT%, — V0T, (1.8)

Therefore equation (4.4) becomes
/ iz —gg™ (vcar‘fu& - vﬁar;f)

_ / d“:.-:,/—_g['f-“'e (g"ﬁrﬂ“ﬁ) ) A L oA (y"*'mar;;c) + 5[";,:?;,9'“&] |

dSEH(1)

Remembering that the covariant derivative of metric is zero. Therefore we get
A f diz\/=gq™ (‘U’EJF‘;& - ?bﬂ‘;) [
_ f d"rJ—_g[‘?.,(g"b&I'ﬁb) - m(y“‘*.ﬁrg_:)]
_ f d'ry/=g V. [goTs, — g**oT%]
= f d*r\/—g V. J*

where we introduce
J° = ¢g*orc, — g*<or’,. (4.9)



It J¢is a vector field over a region M with boundary ¥. Stokes's theorem for the

/ d*z+/|g| V.. “=[d3:r |h|n. J¢ (4.10)
M 3

where n,. is normal unit vector on hvpersurface . The normal unit vector n. can

vector field is

be normalized by n,n® = —1. The tensor h, is induced metric associated with
hypersurface defined by
Rop = Gap + Mamy. (4.11)

Therefore the first term of action becomes
JSEH{L) = [ dﬂ.’]: |h-|?1,7. “ = (. (4.12)
¥

This equation is an integral with respect to the volume element of the covariant di-
vergence of a vector. Using Stokes’s theorem, this is equal to a boundary contribution
at infinity which can be set to zero bv vanishing of variation at infinity. Therefore

this term contributes nothing to the total variation.



4.1.2 Variation of the metrics %

Firstly we consider metric g,. Since the contravariant and covariant metrics are

symmetric matrices then,
ngﬂb - (ifb- {413)

We now consider inverse of the metrie:

1 1
ab abyT ba A 14
g7 = —(A") = - A (4.14)
g g

J
I _ pab, (4.16)
dgab
Let us consider variation of determinant g:
dg
0g = Z—0gap
dgﬂb *

= fl“bc’igﬂb
= 99”0 gup

Remembering that ¢ is symmetric, we get
09 = 990 gas- (4.17)

Using relation obtained above, we get

1

N —g = —2\/__959

9""0Gab- (4.18)

L 9
2V=9 \




We shall convert from dg,;, to dg°° by considering

00, 4= J(QGCQM)
gcdagﬂc + gmagcd
9" 0Gac

~ 0
= 0
= _gﬂcJQCd'

Multiply both side of this equation by gy we therefore have

a0 Gae =
050 Gac =
69&5

~ b Gacdg”
—bd Yac 59{?:‘
— Gaclbd 5gd€ .

Substituting this equation in to equation (4.18) we obtain
1 (s
OV=g = —5V=99" Gacgradg™
1
= —=V=g0.gudg™

2
1

= Vg Geadg™.

(4.19)



Renaming indices ¢ to a and d to b, we get

1
=g = —5vV=g Gapdg™". (4.20)

The variation of Einstein-Hilbert action becomes

1
05en = /d‘iw -:?Rubfi.*?ﬂb - 5/‘145'3}31?-:‘9‘ gubﬁgﬂb
= /d‘if\f [Rﬂ.b gﬂ.bR] Jqﬂb (‘-]:2].}

The functional derivative of the action satisfies
5= [ 35

where {®'} is a complete set of field varied. Stationary points are those forﬂwhich

d‘i (4.22)

0.5/d®* = 0. We now obtain Einstein’s equation in vacuum:

"'Il—g (Sgﬂ.b

= Ry — %gﬂm ~ 0. (4.23)



PR e

B 1
16nG

where Sy 1s the action for matter. We normalize the gravitational action so that we

S Sen + S (4.24)

cet the right answer. Following the above equation we have

1 a5 1 | I 25y
= 3 (Rﬂ.b - _gubR) + — v = 0.
vV—gdg® 167G 2 v —g dg®
We now define the energy-momentum tensor as
L 45y
Top = —2———.
vV —g0g°

This allows us to recover the complete Einstein’s equation,

1
Rap = 5 Rgab = 87G T, (4.26)



General Relativity

Energy—momentum source of spacetime Curvature

——[d“x/-g[R-2A]+[d*x L,(g,..)
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The effects: Periastron Advance

Figure 8: Schwarzschild peometry: orbit of a massive test particle with Keplerian parameters & = Tm
and e = {).7 after 3 revolution

Numerical solution of
//_ orbit equation in G.R.
& i

Centre of Mass




Bending of Light rays

Figure 20: Comparison between the newtonian and postnewtonian perturbed trajectory of a photon
impinging on a centre of mass with impact parameter b = })m and incidence angle ¢y =10
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Observations

= SDSS (Sloan Digital Sky Survey) 2004: ~ clusters "above and below
the galactic plane” up to 1 Gpc



Observations

As the scale we observe the Universe increases, it looks as homogeneous
and isotropic.

Cosmological Principle: “"axiom” (indirect result)
I) We know that earth is an isotropic observation point.
IT) An anisotropic system has up to one isotropic observation point.

Hence, either we lie in the only isotropic observation point in an
anisotropic Universe, or all its points are isotropic observation points.

Thus, the Universe is homogeneous and isotropic (isotropic and
inhomogeneous is not possible)
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Observations

Hubble 1929: The Universe expands  Hubble’s Data (1929)

o ot
Ihlf prowess. He wias @
stor ployer i cotbcll botc:ou ndbolt !, and ran
track in hghschol nd at the Univers ry f(_h cago,
where he sarned a Bachelor of Science in 1210

Feec esaon Weloo iy flm £ 4c)
B

V=HTr

H, ~70 km s™ Mpc™
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Expansion
AL |C+V
A C—V

Expanding Raisin Bread

S,

W

Copyright © Addison Waesley



Observations

Since the Universe expands it is reasonable that it originates from a “too tiny”
and “too dense” “primordial atom” (Lemaitre 1927)

Alpher, Bethe, Gamow (1948): The Universe begun to expand from a very
high-density and high-temperature state towards less dense and hot states.
Hoyle named the theory “"The Big Bang Theory"|

r 1 1

M} s~14 Gy

r
tu—v——r-ﬁ—m[km

Prediction I: Nucleosynthesis has primordial origin, namely at first 3 minutes
(~10°K) (giving 25% Helium) and not in stars (1-4%)
As observed.

S7



Observations

= PredictionII: The primordial Universe became full of high-energy photons

Big Ba gN ucleosynthes
F’(“

/a;’ ’3{ &% A~7-10"2 cm
380.000 years after (~3000K) they decouple from electrons

(Recombination era). Black body radiation (today ~2.7 K)

s 1965 Penzias kal Wilson

T =2725 £/0.002 K
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Theoretical arguments

Big Bang Theory explained: Olbers paradox (1826) (why night sky is not
bright), Ryle (1970) (Radio galaxies density increases with redshift), Element
abundance, CMB, etc

Theoretical Problems:

I) Horizon problem: Why points at opposite directions have the same
properties

IT) Flatness problem: Why the universe is today almost spatially flat
Q, ~0.001. It must have started with ~10™"1

Monopole problem: They are not observed.
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Inflation

Kazanas, Guth, Linde (1982): The Universe|10*°sec| after the Big Bang, through
some mechanism went into an exponential expansion up to [10*sec| increasing
in size ~ [10%*|times: Inflation.

I) The observable Universe is a tiny part of the total one, and originates from
a small, causally connected region.

IT) Due to the huge expansion, the spatial curvature became almost zero.

IIT) Due to the huge expansion the monopoles spread in all regions, and thus
our own, observable universe, has at most one.
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Inflation

Big Bang

quantum-gravity era

W -
Big Bang plus N A &5 inflation

10743 seconds

Big Bang plus
10735 seconds?

Big Bang plus
380000 years

Big Bang plus
14 billion years

cosmic microwave background

light

SIZE OF UNIVERSE

FOAM

SPACE-TIM

Inflationary Universe

PEN
INFLATIONARY QLAT
UNIVERSE SCENARIO CLOSED

\

UNIVERSE
— AT PRESENT TIME

STANDARD
BIG BANG MODEL

\

! OPEN
" 103 FLAT

PLANCK LENGTH \

S

CLOSED ;-3 1017
AGE OF UNIVERSE (SECONDS)

From lecture by Andrei
Linde, Munich, 2007
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NO inflation: observable universe (shaded) includes
parts that are different from each other

Inflation: observable universe (shaded) includes
only one part that is the same throughout

Now ~ o Prad

——
T e e e = = T



Horizon Problem Revisited

A decreasing comoving horizon means that large scales entering the present universe were inside the
horizon before inflation Causal physics before inflation therefore established spatial
homogeneity. With a period of inflation, the uniformity of the CMB is not a mystery.,

Comoving Scales

A

‘comoving’
Hubble length

horizon re-ent 'y ( I[)lll[)"--i“?_',

horizon exit
\/ l/ Horizon

density fluctuation

Inflation Hot Big Bang

smooth patch

-
Time [log(a)]

Left: Evolution of the comoving Hubble radius, (aH) !, in the inflationary universe. The
comoving Hubble sphere shrinks during inflation and expands after inflation. Inflation is
therefore a mechanism to ‘zoom-in’ on a smooth sub-horizon patch. Right: Solution of
the horizon problem. All scales that are relevant to cosmological observations today were
larger than the Hubble radius until @ ~ 10~°. However, at sufficiently early times, these
scales were smaller than the Hubble radius and therefore causally connected. Similarly,
the scales of cosmological interest came back within the Hubble radius at relatively recent
times.



Dark Energy

= The Supernovae type Ia (explosions of binaries with one being white dwarf) are
“standard candles”, since their absolute magnitude M can be determined.

11 March 1997

16 March 1897

= In 1998 ol Perlmutter, Schmidt,
Riess observed that 50 Snla
had smaller apparent magnitude , k g

than expected hence light
traveled more, and thus
the Universe today expands
faster than before!

20 e Visual-wavelength images
N

23

Calibrated apparent magnitude
N

Sy
Observations of type & supernova N
fit an accelerating universe but not % \i\
a decelerating universe. N

0.1 0.2 .4 0.6 1.0
Redshift \ 2)

25
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Dark Energy

The accelerated expansion is verified by independent observations, Cosmic

Microwave Background (CMB), Baryon Acoustic Oscillations (BAO), Large
Scale Structure (LSS), etc

Around 70% of the total energy density of the Universe is this unknown
dark energy (it does not interact electromagnetically).

Possible explanation: The cosmological constant A (Einstein’s “greatest
blunder™). A term that produces the extra “repulsion”.,
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Dark Matter

s  Galaxy rotation curves:

vikmis)

Rikpc)

= Bullet cluster (collision of two galaxy clusters)

b - ‘Dark ;\'Ifa’t‘ter o :
." ; PR N T |
. = 80% of matter is an
“unknown"” dark matter
= _ j
(it does not interact

electromagnetically)!
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Dark Matter

7. billion light-years

500 millién light-years

© 2006 Pearson Education, Inc., publishing as Addison Wesley

35 million light-years
rF =
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Cosmic Microwave Background radiation

Since 1989, COBE, WMAP ka1 Planck satellites show that CMB has small
fluctuations:
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Cosmic Microwave Background radiation

From the fluctuation spectrum we extractinformation: The first peak provides
the spatial curvature (it results to flat universe), the second peak the baryon
energy density parameter, the third peak the dark matter energy density
parameter, etc.

Angular Scale

a0° 20 0.5" 0.2¢
6000 1 T T

T
first peak

5000 -
ao00 [

acoustic oscillations

3000

+1)C2 [ K3

ISW plateau
2000 |

1 1 T I | | 1 | 1 1 1 1 1
10 100 I ~ 220 500 1oL
Multipole moment |/
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Inflation can also explain CMB and seeds
of LSS

= Additional success: Inflation provides the necessary primordial fluctuations,
which letter gave the Large Scale Structure of matter:
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c Inflation

quantum-gravity era

Big Bang plus o inflation
10743 seconds >

Big Bang plus cosmic microwave background

10735 seconds?

Big Bang plus
380000 years

Big Bang plus
14 billion years




Summary of Observations

The Universe history:

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern Dark Ages Development of
400,000 yrs. Galaxies, Planets, etc.

1st Stars
about 400 million yrs.

Big Bang Expansion
13.7 billion years

Big Bang

Composition
of the
Cosmos

Heavy
clements
0.03%
Ghostly
neutnnos
0.3%

Stars
0.5%

Free hydrogen

energy
65%
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How to describe the Expanding Universe?

General Relativity: The evolution of the 4-
dimensional spacetime is determined by the
distribution of matter

" Ik e ’ﬁ cvy kI —gonlig

”‘ ‘ ,,' ? -:( -/'"'.‘ R .
'S (A

("1 ) 7‘,4"

(%) = 9,3,

The Centennial of Einstein’s
General Theory of Relativity
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Describing Expanding Universe

sHomogeneous and Isotropic (Friedman-Robertson-Walker metric):

2

ds® = —c’dt’ + a(t)z[ dr

+ erggj

r2

a(t) : scale factor,
k=0,-1,+1 flat, closed open 3D spatial geometry

Positive Curvature Negative Curvature Flat Curvature



Describing Expanding Universe

T e LA
s =[d xﬁLGﬂG}sm

= Field equations in FRW geometry (Friedmann Equations):

, k  81G
H(t) +a(t)2— 3 p(t) - at)
| K a(t)
H (t = ]
a(t)’

= Conservation Equation of matter perfect fluid

p(t)+3H(t)|p(t) + p(t)]=0




Describing Expanding Universe

Equation of State:

Evolution of the universe for a fluid with constant w,

in flat space (k=0):

p(t)+3H()[p(t) + p(t)]=0

H () = %pa)

Matter Universe WV,, =0 ):

Radiation Universe

= p(t)=p,2

=3(1+w)

= a(t):{

2

2

3(1+ w) \/8726,00 T(HW) t
3

2
3(1+w)

a(t) o ’[%

(Wr:1/3):

a(t) oc t%




Standard Model of Cosmology

ACDM Paradigm + Inflation

.k _Py
O =T a0 a0+ ]y M,
H(t)- a(ﬁ)z = —47G [Py (1) + Pyn(t) + £, (1) + P, (1) + 2, (1) + P, (1)]

= Describes the thermal history of the Universe at the background level
»s Epochs of inflation, radiation, matter, late-time acceleration



Cosmic Microwave Background radiation

From the fluctuation spectrum we extractinformation: The first peak provides
the spatial curvature (it results to flat universe), the second peak the baryon
energy density parameter, the third peak the dark matter energy density
parameter, etc.

Angular Scale

a0° 20 0.5" 0.2¢
6000 1 T T

T
first peak

5000 -
ao00 [

acoustic oscillations

3000

+1)C2 [ K3

ISW plateau
2000 |

1
500

10 100 I ~ 220
Multipole moment |/
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Figure 26. The CMB power spectrum as a function of cosmological parameters
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Evolution of the LSS — a brief history

Somewhat after recombination --
density perturbations are small on nearly all spatial scales.

Dark Ages, prior to z=10 --

density perturbations in dark matter and baryons grow;
on smaller scales perturbations have gone non-linear, 5>>1;
small (low mass) dark matter halos form; massive stars
form in their potential wells and reionize the Universe.

z=2 --

Most galaxies have formed; they are bright with stars;
this is also the epoch of highest quasar activity;

galaxy clusters are forming. In LCDM growth of structure
on large (linear) scales has nearly stopped, but smaller
non-linear scales continue to evolve.

z=0 --

Small galaxies continue to get merged to form larger ones;
in an open and lambda universes large scale (>10-100Mpc)
potential wells/hill are decaying, giving rise to late ISW.
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e [rom the conservation of the stress-tensor, we derived the relativistic generalisations of

the continuity equation and the Euler equation
P P P
8 + 3H (*___‘)"F = _(1+T) (Vv —30") (4.4.173)
opp p
1P 6P
v' + 3H (——T)v = —_v — — V. (4.4.174)
3 g’ g+ 1

These equations apply for the total matter and velocity, and also separately for any non-
interacting components so that the individual stress-energy tensors are separately con-

served.
e A very important quantity is the comoving curvature perturbation

P H(D —|—'H(I?_j |
AnGa’(p+ P)

(4.4.175)

We have shown that R doesn’t evolve on super-Hubble scales, k < H, unless non-adiabatic

pressure is significant.



SVT decomposition

A very important result of General Relativity is the Scalar, Vector and
Tensor decomposition theorem: each type of metric perturbation
evolves independently at linear order.

Putting each type of perturbation together we get:

S:ds? = —(1+20)d +2a(t)Bdx'dt + o?(t)[(1 — 2W)5; + 2E j]dx'dx’
Vi ds? = —df? + 2a(t)Bidx'dt + o(1)[0; + 2V(; j]dx'dx’
T:ds® = —df? + o®(t)[0; + hj"]dxdx! (15)

Note: We can perform a similar decomposition for 7, , which is also
a symmetric and rank 2 tensor.



Coordinate systems- Gauges

General Relativity has diffeomorphism invariance — free choice
of coordinate system or gauge.

In certain systems some of the functions we introduced gauge
away.

e We will first consider the scalar perturbations:

t—t=t+((tX)
X' xi =X+ &i(t,X) (16)

e From (15):

Qoo = —(1 -+ 2<D)
Goi = —a(t)B;
gi = o?(1) [0;(1 — 2W¥) + 2E;]



Scalar Perturbations

e [he metric Is rank 2 tensor, thus it transforms as follows:

X oxP ..
g.“-'V(X) — 8X_u._ OXV gfld(x) (17)

e [he time- time component of (17) Is:

—(1+429) = —(1 +2c’b)(g—i)2 — —(1420) = —(1+2d)(1 +{)?

~—1-20-2( = d=0 -



Scalar Perturbations

e Similarly we can work out the transformation of the other
functions and find:

d=0 ¢

B=B-(/a+af

E=E—¢

V=WV + HC (18)

e Are all these perturbation functions necessary < are these
perturbations fictitious or real ? — Need to construct gauge
Invariants:

v = — Z[a?(E - B/a)]

Vs =W+ a?H(E - B/a) (19)

Bardeen {



Matter Perturbations

e From (23) we deduce that there are exactly two (4 - 2 = 2) such
independent gauge invariant combinations.

e [0 actually describe the structure in the universe — need matter
perturbations as well.

e We will consider perturbations around the homogeneous energy
momentum tensor:

TV = (p+ P)u" T, + po* (20)

and write them as follows:



Matter Perturbations

T8 = (5 + 6p)

T’ = (p + P)av;

To=—(+p) (v - B)/a

T/ = 6j(p+ 0p) + X (21)
where v' = dx’/dr and Zj IS the anisotropic stress.
For each different universe constituent we have:

5p =Y pi p=">_dp
/

(P+DPW' = (5 + Pr)v) =35} (22)

/ /



Matter Perturbations

e Velocities do not simply add — define 6q' = (5 + p)av’
which is the 3- momentum density and 6q' = ), 4q;

e A scalar function ®(x) under (16) becomes:

S(R) = d(F — ¢ x &) = B(F— )+ 00(F — ¢, xT — &)

~ do S . do
~ — (— , X! 00 =60 — (— 2
$() ~ ¢z +d0(t x) = Cq (@3
e From (23) and the tensor transformation law we get:
op =0p—pg
6p = dp — p¢
5§ = 8q + (5 + P)C (24)

where g is the scalar part of the momentum density.



Matter Perturbations

e Given (24) we can construct gauge invariant quantities like:
1) The comoving density perturbation:

dpm = op — 3HIQ (25)
i) The curvature perturbation on uniform density hypersurfaces:
—( =W+ Hép/p (26)

i) The comoving curvature perturbation :

H
— VU — _ 27
R el (27)

e The Fourier transformation is: f(X) = | % ?E olk-%



Einstein Equations

e Can relate the metric and stress-energy perturbations via the
perturbed Einstein equations:

0G,, =81GdT,, (28)

which to linear order and for scalar perturbations in Fourier
space yields:

e Energy and momentum constraint equations:

: k2 .
BH(V + H®) + — [V + H(a®E — aB)| = —4rGdp
Y

U+ Hb = —47Gdqg (29)
e From (19), (25), (29) — gauge-invariant Poisson Equations:

k2
= W5 = —47Gopnm (30)

(}:'2



Einstein Equations

e From (29) we can also get the evolution equations:

U+ 3HV + HO + (3H2 4+ 2H)d = —4xG(p — 2k?6%/3)

(9% +3H)(E ~ Bfa) + *—° = 87 Gox (31)
e From (19) and (49) we can write:
Vg — &g = 871G’ 5L (32)

Note: From (32) if 0>~ 0 = Vg = &5



Conservation Equations

o V, T" =0 — continuity equation and Euler equation :

k2 ~ . .
0p +3H(dp+ 0p) = —50q + (7 + P) 3V + k*(E — B/a)]  (33)

6q+ 3Héq = —6p — (p+ P)® + 2k?5% /3 (34)

Note: It would be useful to note the 0th version of (33):
p=—3H(7 + p) (35)
We are almost ready to pick a gauge and do explicit calculations

— need /nitial conditions for our perturbations.



Initial Conditions

e |t is standard to assume that these perturbations are generated
from inflation, which predicts that they are isentropic or adiabatic
- also preferred by the data.

e Adiabatic perturbations are induced by a common, local shift in
time of all background quantities so:
o dpa dpp

on = —- = —— foreachspeciesaandb (36)
Pa Pp

where conformal time is dn = dt/« and from (35) :

53 5b

j— 7
14+w;, 14w (37)

where we defined § = 6p/p the fractional overdensity and
wy, = P,/pa the equation of state parameter.



Newtonian Gauge

the Newtonian gauge for it simplifies the analytic calculations greatly.
Newtonian gauge: Definition: B=E =0
The equations we have presented become:

ds® = —(1 4+ 2d)adt? + a?()[(1 — 2V)d;]dx’ dx’ (38)

1) The Einstein equations:

: k2
SHV + H®) + -V = —-4nGdp

(}:'2
V+ H® = —47Gdq
U+ 3HW + H® 4 (3H? + 2H)® = —4xG(dp — 2k?5%/3)

Voo 871G (39)

Y 2




Newtonian Gauge

The gauge invariant Poisson equation (30) becomes:

2
k—lll = —47Gdp

Y 2

Il) The conservation equations:

k? .
op+3H(dp+ op) = (?cﬁq +3(p+ p)V

6q+ 3Héq = —op — (p+ P)® + 2k?6% /3

It is useful to make (41) and (42) more explicit:

5+3H(5'6 - 5'6)5_ ~(1+ 5)("’“ — 30)

p 17 p/ «

. 1 Py 1 /Ki6P N
| R Y _ A/ A
u+3H(3 ﬁ)u ,5+P( - +ij) k'V

(41)
(42)

(43)



Growth Equations

We will now consider inhomogeneities in a fluid with w = P/, ¥ = 0,
¢z = P/dp and adiabatic perturbations — ¢ ~ w

Under these assumptions equations (43) become:

. ki .

§=—(1+ w)(gu - 3w) (44)
y . K K

U =—-HA -3w)u' - Cs —6— —V (45)
14+w «

On subhorizon scales, that is k >> aH, W ~ 0 and by taking the
divergence of (45) and the Poisson eqguation (30) we get:

. . k2
0+ (2—3w)Hé + c5— = (1 + w)4nGpo (46)

Y

Which is called the Jeans equation.



Growth Equations

If we now consider the /ate time evolution of perturbations (= ¢s ~ 0)
In the matter domination era (w ~ 0). Then (46) yields:

0+ 2Ho = 47 Gpy 6 (47)

¢ By using this linear equation we can study the distribution of
matter in the universe

e An analogous equation we can get in modified gravity theories,
where the Newtonian G in (47) is replaced by Ge .



Linear growth of density perturbations:

Sub-horizon, radiation dominated, pre recombination

| | [ ] | |
Jeans linear perturbation q oc 2 dark matter has no pressure of its owr
: - i . it is not coupled to photons, so there
analysis applies: i %_f‘l 7 P P

. Az . no restoring pressure force.
oy + EHE};‘- -+ [lil .ff - -T-.?I'l_’}p,]] O = 0 “‘ g p

B _ 1 .. 7 . N Ry B
“=H=, & +2H5+ [%ﬁm 472Gp,1 5, =0

radiation dominates, and
because radiation does
not cluster > alby=0....

O, + % 0, =0 "-...but the rate of chang

of 8,’s can be non-zel

o =Aln(r)+ B
—

growing “decaying’
mode mode

DM growing mode solution 0, o« 2In(a)




Linear growth of density perturbations:

Sub-horizon, matter dominated, pre & post recomb.
| | [ ] |
Jeans linear perturbation aot’ dark matter has no pressure of its owr
analysis applies: G oe 271 it is not coupled to photons, so there
T3

. 21 . _ no restoring pressure force.
Op +2HOp +[ - —41Gp,]0p =0 d _ o2 gp
‘ - T3

a " O + 2H3; + [ —4aGp,] 6 = 0
Hit = 3 “ Zero
also, can assume that total density

is the critical r.ia:-z-nsityr at that epoch:

P=FPo= gm,
— daGGp, = v
log( =1 - | -
ﬂ rl:ﬁl'l'l“ - -
5;; -+ ﬂié}; = - =0
>t : Two linearly indep.
5‘&_ = AIZH 4 B;‘l solutions: growing
—_ = mode always comes
growing  decaying  { dominate: ignore
mode mode decaying mode soln.

DM growing mode solution 0 o a




Linear growth of density perturbations:

Sub-horizon, lambda dominated, pre & post recomb.

Jeans linear perturbation dark matter has no pressure of its owr
analysis applies: H2 = H.;}E[u.k] it is not coupled to photons, so there
50 £ 2HS +[E — dmip] 5 = 0 H = const no restoring pressure force.
= ' J =E AT : Ht . . 2,2
& “we NS -
a S, +2HS; + [ﬁK — 472G, 18 =0
o

Zero

""""""""""" can assume the amplitude of
perturbations is zero, because

lambda, which dominates,
does not cluster:

R . =10
S— .
108(Feomor) ~
3 — | |

5&- + ~H5A- - 9 Two linearly indep.

o, =A+ Be=241 solutions: growing
o mode always comes

growing” decaying to dominate; ignore
mode mode decaying mode soln.

DM "growing" mode soln 9, oc const




Linear growth of density perturbations:

Sub-horizon, curvature dominated, pre & post recomb.

Jeans linear penurbatinan i 0 dark matter has no pressure of its owr
. . - = P L s T T H .-
analysis applies: Hy;r i it is not Fnupled to photons, so there
s el g e no restoring pressure force.
op +2Hop + |75 —4aGp | oy =10 a = const

1
ol

Er:::rl (SA + EHLS‘& + [%{{ = ‘-|-Fl"l’rpu] §.ﬂ' = ()

can assume the amplitude of
perturbations is zero, because
curvature, which dominates,
does not cluster:

IEero

(5&- — U
L -
. Y
2 =
(S‘fr + t 5ﬂ' ql Two linearly indep.
o, = A+ Bt solutions: growing
v mode always comes
growing® decaying g dominate: ignore
mode mode decaying mode soln.

DM "growing" mode soln o, ¢ const
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Growth of large scale structure

Dark Matter density maps from N-body simulations

Z=3 2=

Lambda (DE)
spatially flat
Qpatter=0-3

fractional

overdensity
~const

Standard
spatially flat
Qmcﬁ’rer:l-o

fractional
overdensity

~1/(1+Z)

<«—— 350 Mpc —> the Virgoe Collaboration (1996



Summary:
Standard Model of Cosmology

ACDM Paradigm + Inflation

.k _Py
O =T a0 a0+ ]y M,
H(t)- a(ﬁ)z = —47G [Py (1) + Pyn(t) + £, (1) + P, (1) + 2, (1) + P, (1)]

ACDM concordance model is almost perfect!

= Describes the thermal history of the Universe at the background level
»s Epochs of inflation, radiation, matter, late-time acceleration

E N . Saridakis — Sheffield. Feb. 202F



Cosmology-background

. . 2
Homogeneity and isotropy: as? — —a + a2t ( R -rﬁdn‘z)

Background evolution (Friedmann equations) in flat space

oy
H? = 5~ (Pm + PDE)
H = —AnG (Pm + Pm + PDE + PDE) ,

(the effective DE sector can be either A or any possible modification)

One must obtain a H(z) and 2m(z) and wDE(z) in agreement with
observations (SNIa, BAO, CMB shift parameter, H(z) etc)

110
E N Saridakis — Sheffield Feb 202¢



Cosmology-perturbations

Perturbation evolution: & +2HS —4nG.spd~0 where 6§ = 6p/p
where G.g(2, k) is the effective Newton'’s constant, given by

under the scalar metric perturbation ds* = —(1+ 2¢)dt* + a*(1 — 2¢)dz?

(N (Hg)f . 1 Y. E . Hﬁl? Geﬁ(zrk)
H _ dl?](5 . _ ".r'(ﬂ} o QOm {1_3
with f(a) = == the growth rate, with f(a) = Qu(a) and O, (a)=

H(a)2/H3

0g

One can define the observable: |fos(a) = f(a) - o(a) = 31 ° &'(a)

with o(a) = 755 the z-dependent rms fluctuations of the linear density field within spheres of

radius R = 8h~'Mpc, and o8 its value today.

111
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Cosmology-perturbations

Perturbation evolution: & +2HS —4nG.spd~0 where 6§ = 6p/p
where G.g(2, k) is the effective Newton'’s constant, given by

V26 ~ AtGegp 6.

under the scalar metric perturbation ds* = —(1+ 2¢)dt* + a*(1 — 2¢)dz?

AV ‘ 2
Hence: & + ((H )1 ){m ?(1+z)H“ Goit(2, k) Qomd

2 H? 1+z 2 H? Gy
: _ dindo . B ~(a) ~ Qom a3
with f(a) = == the growth rate, with f(a) = Qu(a) and O, (a)=

H(a)2/H3

0g

One can define the observable: |fos(a) = f(a) - o(a) = 31 ° &'(a)

with o(a) = 755 the z-dependent rms fluctuations of the linear density field within spheres of

radius R = 8h~'Mpc, and o8 its value today.
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Issues of ACDM Paradigm

= ACDM is a successful cosmological model:
1) Describes the evolution of the universe at the background level
2) Describes the evolution of the universe at the perturbation level

However there are open issues:

1) General Relativity is non-renormalizable. It cannot get quantized.

2) The cosmological-constant problem. Calculation of A gives a
number 120 orders of magnitude larger than observed.

Worst error in the histery-of-physies, histery-oef-seienee, history

3) How to describe primordial universe (inflation)
4) Tensions with some data sets, e.g. HO, fo8, AL data

5) Missing galaxy satellites, curspy-core problems.
113



Can General Relativity be quantized?
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Standard Model vs General Relativity Lagrangians

¢ d

1 a a abe a b c 2 rabe fade
—30.950,95 — 95 f**0u909,95 — 1951 f*“gh9c9a9s + _ 1 = 4
g2 )0 + GUOPGE + 9.0, GU Gl = 0,1V, O, §="1org | VIR T2) &
M?WﬂV— 30, Z°a Z) — 3 M?Z)Z) — 30,A,0, A, — 6,,H6,,H—
ymiH? -9 ¢+a o Mighg- 18,0°0,8° — 5 M¢6° — B[ 224" +
ZQ’H + 3(H? + ¢%¢° + 207 ¢7)] + 231 o — 1gcy[0, ZS(WIW, —
WiWy) - Z3(Wra,W, — W, a,W}) + Z3(W, o, W, —
W, 0,W,)] — igswl0.Au(WW, — W, WH‘) AW, +0, W— -
W W) + A, (W19, W— - W, 0.W,])] — 36*W,W, —W+W—
1PWIW,WIW, + g% (Z°W+Z°H - Z°Z°W+W )+
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Astrophysics and Cosmology
in the 21st century
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HO tension

= The Universe expands faster than expected!

Constraints on H
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Tensionl — HO

= Tension between the data (direct measurements) and Planck/ACDM (indirect
measurements). The data indicate a lack of “gravitational power”.

HOL.COW +11,, pror
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[Bernal, Verde, Riess, JCAP1610]
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Tensionl — HO

Tension between the data (direct measurements) and Planck/ACDM (indirect
measurements). The data indicate a lack of “gravitational power”.

This tension could be due to systematics.

If not systematics then we may need changesin ACDM in early or late time
behavior.

Higher number of effective relativistic speC|es dynamical dark energy, non-
Zero Curvature ¢  aof == Fmkisaadia:

i 1 1 1 1 1 1
62 64 66 68 70 g/ 74
H, (km s Mpc™)

Or Modified Gravity.
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S8 Tension

= Less” Matter clustering than expected!

7. billion light-years

Matter Density Fluctuation
Power Spectrum

A different convention:
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Tension2 — fo8

= Tension between the data and Planck/ACDM. The data indicate a lack of
“gravitational power” in structures on intermediate-small cosmological

scales.
0.7 e
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Tension2 — fo&

= Tension between the data and Planck/ACDM.
= This tension could be due to systematics. E.qg:
""""" *m osf '“:'""E';;l;fi,';t;];;;;};i 0

01 02 03 04 05 06 07

S)‘Um

01 02 03 04 05 06 07
QUM

01 02 03 04 05 06 0.7
%M

[Kazantzidis, Perivolaropoulos, PRD97]

If not systematics, the data indicate a lack of “gravitational power” in
structures on intermediate-small cosmological scales (expressed as smaller
Qm at z<0.6, or smaller a8, or wDE<-1).

It could be reconciled by a mechanism that reduces the rate of clustering
between recombination and today: Hot Dark Matter, Dark Matter that
clusters differently at small scales, or Modified Gravity.
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Too many galaxies too early!

James Webb space telescope



Cosmic dipole tension!
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The lensing anomaly







History of Major Shifts of Cosmological Models

Aristarchus of Samos (c. 310-230 BCE)

T
» Geocentric (Ptolemy) to Heliocentric (Copernicus, » Introduction of Dark Matter (1970s-80s):
16th-17th c.): » Galaxy rotation curves (Rubin, 1970s)
= Retrograde motion (Copernicus) » Gravitational Iensing (Walsh et al., 1979)
» Phases of Venus, Moons of Jupiter (Galileo, 1610) » Galaxy clusters (Zwicky, 1930s)

» Heliocentric to Infinite Universe (18th-19th c.):

» Improved telescopes, Uranus discovery (Herschel, 1781)
» Stellar parallax (Bessel, 1838)

» Infinite to Static Universe (Einstein, early 20th c.):

> Nebulae spectroscopy (Slipher) > Potential Future Shift (2020s-?):
» Stellar distances (Leavitt, Hertzsprung) >

» Lambda-CDM (late 1990s-present):

» Supernova observations (Perlmutter, Schmidt, Riess, 1998-99)
» CMB (WMAP, Planck), BAO (SDSS, 2005)

Hubble tension (Riess et al. vs Planck Collaboration)

" . . ” S8 th rate) tension (KiDS, DES, Planck collaborati
» Static to Expanding Universe (Lemaitre, Hubble, Cos(n%ir:ﬁi porIZset)e ni?cf;o?v(ar;ous g S RRERag

|
>
19205-305): » CMB anomalies (Planck Collaboration)
>
>

» Galactic redshift (Slipher, 1912-14) ISW (Integrated Sachs-Wolfe) tension _
» Hubble's law (Hubble, 1929) Lithium problem (Primordial Nucleosynthesis)

» Expanding Universe to Inflationary Big Bang
(1960s-80s):

v& 3 i astmn&ﬁ;/
§ New Astronomy Reviews Tt
_v'}_bjis Volume 95, December 2022, 101659
» CMB (Penzias & Wilson, 1964) PRIV

» Light element abundance (Alpher, Herman)
» Inflation theory (Guth, Linde, 1980s) Challenges for ACDM: An update

L. Perivolaropoulos 2 &, F. Skara &




LEPTONS

Knowledge of Physics

Knowledge of Physics: Standard Model + General Relativity

=23 Wit w] 275 Qe «1TA07 Gt

=
a

¥
[=]
5

=
L

"‘).’ﬂ{é"l = 7’*:"’4"]}"‘ =

. Q- @/- @ @ B

é:‘ - L
R R

7 Ly ke W e
- g - (3:45°% ). Tk k%, 3 ‘s
h t I Higgs 7 TRt 4
up charm op gluon boSon (9% ), 5ot -
Z - 7= 9n )
w4 WA =35 Mgt sk 1B Gt o r kg i
- B!
13 d i3 5 -0 b 0 4 :‘9" 1€ ~9s ?\3 N
% .
s L . ’ o ; i 3 ,.'ﬁ‘ 7" % !‘:,-c 0-2,42 k.
down slrange bottom prolan
0507 Ma'i e 1. T Mimave 1.77T Ga'\'c” 012 Galie?
e -1 -1 T 1]
[r4 u 17 i
electron Fran fau Z boson
T e o] TF Mt 15 5 Ka'it=! B & Galhe

The Centennial of Einstein’s

. De T.:- W |. & | w General Theory of Relativity

alectron mLan tau
neutring neutring neutring W boson

13(



Modified/new knowledge of physics

So can our knowledge of Physics describes all these?

Afterglow Light iti
erg owanlg CompOSl(IOn

of the
Cosmos

Pattern
400,000 yrs.

about 400 million yrs.

Big Bang Expansion
13.7 billion years

Most probably, no!

We definitely need new physics for Inflation and Dark matter. Maybe for dark energy.
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Theories of
Dark Matter

CCCCCCCC

Axion-like Particles



Why Modified Gravity?

We need to modify something:

The universe content
or
The theory of Gravity



Dark Energy-Inflation

= Add a scalar field ¢ in the Universe content
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General Relativity

= Einstein 1915: General Relativity:

energy—momentum source of spacetime Curvature

——[d“x/-g[R-2A]+[d*x L,(g,..)
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Standard Model vs General Relativity Lagrangians
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Lovelock’s Theorem

2.4.1. Lovelock’s theorem

Lovelock’s theorem [831] limits the theories that one can construct from the
metric tensor alone. To enunciate this theorem, let us begin by assuming that the metric
tensor is the only field involved in the gravitational action. If the action can be written
in terms of the metric tensor g, alone, then we can write

S = /d“larﬁ(g#,,). (56)

If this action contains up to second derivatives of g,,,, then extremising it with respect
to the metric gives the Euler-Lagrange expression

d oL d oL oL
1 — _ — :
EFIL] dxr lc'?gw,p dx? (('?gw,p,\)] O’ (57)

and the Euler-Lagrange equation is E*” (L) = 0. Lovelock’s theorem can then be stated
as the following:

Theorem 2.1. (Lovelock’s Theorem)
The only possible second-order FEuler-Lagrange expression obtainable in a four dimen-
sional space from a scalar density of the form £ = L(g..,) is

1
EM = ay/—g {R“"’ — Eg””R] + A/ —gg"”, (58)
29



Lovelock’s Theorem

where o and A\ are constants, and R, and R are the Ricci tensor and scalar curvature,
respectively.

This powerful theorem means that if we try to create any gravitational theory in a
four-dimensional Riemannian space from an action principle involving the metric tensor
and its derivatives only, then the only field equations that are second order or less are
Einstein’s equations and/or a cosmological constant. This does not, however, imply that
the Einstein-Hilbert action is the only action constructed from g,, that results in the
Einstein equations. In fact, in four dimensions or less one finds that the most general
such action is

L=« .-'__QR —92) f—_g + .BE#UPARQ'SFWRQ,BP)\ + f—_g (R2 _ 4RﬁyRu’u + R#UPARP)\“U) :

where 3 and v are also constants. The third and fourth terms in this expression do not,
however, contribute to the Euler-Lagrange equations as

EHY [E(xlﬁ’p)\ R"MQIBRWSPA} - 0 (59)

E* [=g (R? —4R";R° + R*7,R™ )| = 0, (60)

where the action of E#” on any function X is defined as in Eq. (57)). The first of these
equations is valid in any number of dimensions, and the second is valid in four dimensions
only.




Lovelock’s Theorem

Lovelock’s theorem means that to construct metric theories of gravity with field equa-
tions that differ from those of General Relativity we must do one (or more) of the fol-
lowing:

e Consider other fields, beyond (or rather than) the metric tensor.
e Accept higher than second derivatives of the metric in the field equations.
e Work in a space with dimensionality different from four.

e Give up on either rank (2,0) tensor field equations, symmetry of the field equations
under exchange of indices, or divergence-free field equations.

e Give up locality.



General Relativity
Assumptions and Considerations

jdxrR 2A ]+ jdeg )

= Diffeomorphism invariance

167zG
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General Relativity
Assumptions and Considerations

IQF[R 2A]+jd x L. (g,.v)

= Diffeomorphism invariance
= Spacetime dimensionality=4

164G
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General Relativity
Assumptions and Considerations

j(.F‘ZAhjd x L,(9,,. %)

Diffeomorphism invariance

Spacetime dimensionality=4
Geometry=Curvature (connection=Levi Civita)
Linear in Ricci scalar

164G
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General Relativity
Assumptions and Considerations

16726_[(.\/@2A]+Id x L,(9,,. %)

Diffeomorphism invariance

Spacetime dimensionality=4
Geometry=Curvature (connection=Levi Civita)
Linear in Ricci scalar

Metric compatibility (zero non-metricity)
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General Relativity
Assumptions and Considerations

16ﬂGj(.@2A]+jd X.

Diffeomorphism invariance

Spacetime dimensionality=4
Geometry=Curvature (connection=Levi Civita)
Linear in Ricci scalar

Metric compatibility (zero non-metricity)
Minimal matter coupling
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General Relativity
Assumptions and Considerations

16ﬂGj(.@2A]+jd X.

Diffeomorphism invariance

Spacetime dimensionality=4
Geometry=Curvature (connection=Levi Civita)
Linear in Ricci scalar

Metric compatibility (zero non-metricity)
Minimal matter coupling

Equivalence principle

Lorentz invariance

Locality
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Modified Gravity
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Scalar-Tensor Theories

= Add a scalar field:

L= S a[f OR-5)V, 07 - 20@) }+ L, (0D)g,...)

Conformal Transf. to Jordan frame: h(¢)g,,, —>d,,,
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Scalar-Tensor Theories

s Add a scalar field:

L= S a[f OR-5)V, 07 - 20@) }+ L, (0D)g,...)

Conformal Transf. to Jordan frame: h(¢)g,,, —>d,,,

= Redefinition of ¢ :

L=—> /g [¢R —%vﬂww— 2v (¢)} L9, )

1
16
= Brans-Dickefor @ —const.,, V —>0

«  GRfor ®—>», olw®—>0, V—>const.
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Brans-Dicke Theory

1
5 (V70) = Vg0 0"

1
5 (VT 8) =V (B~ 3 9uR) 00 = V736, b0

vield the field equation

87 s 1 N 1
GPV — E T n) + E (quf)vud) - ig,uuv d"vu(b) + a (v,uvu¢) - Q,Lw D@) - %Q;.wt«
where
-2 9
(m) — — (m)
1 = = g (V-9£)
is the energy-momentum tensor of ordinary matter. By varying the action with respect to ¢, one obtains
dV
—Elqb-l—R— —V“d)vuqb— — =0.

¢ ¢? do

(8.5)

(8.6)



Brans-Dicke Theory

Taking now the trace of Eq. (@,

—8rTim) 30¢ 2V
R=—F— +=V%V0+ — + —, 8.8
¢ ¢ ¢ ¢ 88)
and using the resulting Eq. (8.8) to eliminate R from Eq. (8.7) leads to
dV
O¢ = T 4 — —2V | . .
6 2w+3(8ﬂ‘ oo ) (8.9)

According to this equation, the scalar ¢ is sourced by non-conformal matter (i.e., by matter with trace T(™) £ 0),
however the scalar does not couple directly to £™): the Brans-Dicke scalar ¢ reacts on ordinary matter only indirectly
through the metric tensor g,,, as dictated by Eq. (8.5). The term proportional to ¢ dV/d¢ — 2V on the right hand
side of Eq. (8:0) vanishes if the potential has the form V(¢) = m?¢?/2 familiar from the Klein-Gordon equation and
from particle physics. The action (8:) and the field equation suggest that the field ¢ be identified with the
inverse of the effective gravitational coupling

Gers (6) =~ (8.10)



Scalar-Tensor Theories

= Field equations:
¢GW+{<>¢+2—“;<V¢>2 +V}gw—vﬂvv¢—§vﬂ¢vv¢=8n T.

Qw+3)0p+@' (Ve)> +4V —2V'=8x T

s For Brans-Dicke:

1+ w

= PPN parameters: Been =1 Vpen = — w = 40000
2+ w
4+260 1 G 12 -1
, . G = = it —<1.7107"% yr
= Newton’s constant: [3 +2wj 2 with & y
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Brans-Dicke Cosmology
Friedmann-Robertson-Walker metric: ds® =dt* —a?(t)s, dx'dx’

Friedmann equations:

SR AT L
3¢ ¢ 6 ¢° 3¢
2H+3H2:—%[87zpm+5¢7j+2H¢5+¢'j+—

Scalar-field equation:

. : 8 2
¢+3H¢_ 20+ (pm_spm) O+26f)+3( _¢—¢j

Matter equation: An+3H(p,+p,)=0
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Dark Energy in Brans-Dicke Cosmology

Effective Dark Energy sector:

\%
+—

@ ¢°
+E?j 8r

Q£+2H¢E+¢'

3 .
=—1| —H
PpE 872'[ &
o 1
£ 8x| 2 ¢

Matter -
- - Radiation
BD Field 1

1+ =z

V(g) =

)=

Vv

T

Vo

Defined equation of state

¢2

— Wy, = PoE
DE
/C DE
2
,” ——————————
BB ey s
o |- » -
]
1
]
[}
I
’
[r— J
-2 '} 'l ul ul A
10 o 10° o 10* 10° 10° 107 10°
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Scalar-Tensor Theories

5
= Most general 4D scalar-tensor theories having second-order field equations: |_H — Z |_i
i=2

L,[K1= K (g, X)
L[G,1=—G, (¢, X)0g X =040, 412

L,[G,]1=G, (4, XIR+G, , |(08F - (V,V,8)vV*V's)]
L [Ge]1 =G (¢, X)G,, . (V*V"g)— % Gox [(0) —3(0H(V V. VvV p)+ 2(V*V NV g XV’ V 0)|
[G. Horndeski, Int. J. Theor. Phys. 10 ]
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Horndeski Theories

5
= Most general 4D scalar-tensor theories having second-order field equations: |_H = Z |_i
i=2

L,[K]=K(¢, X)
LIG;]=—G; (¢, X)Ogp X =—0“g0 12

L[G,1=G, (¢, X)R+G, [(00) —(V,v,s\v*V"g)|
L.[G.] =G (4, X)G,, (V*Vep)— % Gox [(04) —3(0 )V, V )V v @)+ 2(vev XV V7V 0)]
[G. Horndeski, Int. J. Theor. Phys. 10 ]

s Coincides with Generalized Galileon theories
d —> d—+C, 6#¢—>6ﬂ¢+bﬂ

[Nicolis,Rattazzi, Trincherini, PRD 79]
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Horndeski Cosmology (background)

Field Equations: L.H.S=R.H.S
In flat FRW:

" |2XK , —K +BX#HG, , —2XG;, —6H’G, +24H?X (G, « + xc;w)—12Hx;,~3c34¢X —6H¢ZG4,¢
+2H3XP(5G; x +2XGyg 5x ) —B6H?X (3G;, + 2XGg i ) = — P

" K —2X(G;, +¢G; ) +2(BH? +2H)G, —12H*XG, , —4HXG, x —8HXG, , —8HXXG, ,
+2(¢+2HP)G, , +4XG, 4, + AX($—2HP)G, 5 —2X (2H @+ 2HHG +3H?P)G; , — 4H 2 X 2gGy
+AHX (X — HX)G;  +2[2(HX + HX) +3H2X |G, , + 4HX4G; ,, = —p,,

“11d

a’® dt

With J =dK , +6HXG;, —24G, , + 6H’@(G, , +2XG, 4 ) —12HXG, , +2H>X (3G, x +2XGy ) —6H’@(G; , + XGs )
P, =K, —2X(G,, +¥4G, x)+6(2H? + H)G, , +6H (X + 2HX)G, , —6H?*XG; ,, +2H>XdG;

(@°3) =P,

[De Felice, Tsujikawa JCAP 1202]
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Horndeski Cosmology (perturbations)

= Scalar perturbations: ds? = —(1+ 2y)dt® +a*(1— 2¢)s,;dx'dx’ — LH.S=R.H.S

W, (4W1W3 +9W; )

3w?

>0

= No-ghost condition: |Qs =

32wPw,H — 4w2w, + 4w, WV, — 2WAR, )— 6W2 (o, + P, )
. . _— .y . C2 = 172 274 17271 1%72 1 m m > O
= No Laplacian instabilities condition: |Cs w1(4w1w3 oW’ )

with W, = 2(G4 - 2><C':‘4,x )_ 2X (Gs,xﬁ_l _GS,¢)
W, =—2G; , X¢f+ 4G,H —16X ZG4,XX H + 4(¢BG4,¢>< —4HG, )X + 264.¢¢

+8X2G; p H + 2HX (6G; , —5HG; 4 ) — 4G, o X 2H >

w, = 3X (K +2XK o )+6X (3XFHG, . —Gy X — G, , + 64HG, )
+18H (AHX 3G, o« — HG, —5XdG, 5 — G, -+ THG, X +16HXG, 1 —2X 4G, x )
+6H2X (2H @G, o X2 — 6X *Gy i +13XH @G, o — 27G4 5 X +15H G, x —18G;, )

W, =2G, — 2XG; , —2XGg , ¢
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Beyond Horndeski Theories

5
= Beyond Horndeski, free from Ostrogradski instabilities but still propagating 2+1 dof’s: LBH — Z L.
|

=2

L, =L, [A]

L.=LYTC.+2XC. 1+ LY IXC, 1
S S -3 3, X a Z S, B4—|—A4—2XB4X A:A(¢’X)

X = —0“gd P12

L, = L} [B,]+ LS [C, +2XC, ]+ L, [XC, ,]1— NE Lost B, = B, (¢, X)
XBg x +3 a
L = LG, 1+ LG, 1+ LD, +2XD, 1+ LI XD, 1+ 2 )S,f‘s o=

with
Lot — X [(0p)? —(V, V. a)XV*V'3)|—2[(vVpv s XV V. g Xop)— (V¥ )XV V. XV ) ViV s)]
L9 — X [(0p) —3(0p)V , V.8 V*V 3)+2(V , V. V' Vepviv o))
[(M)Z(V PNV BNV )= 20NV PNV BNV LV BNV ) J
(V V.V IV VIV SNV )+ 2(V NV VNV V VIV ,p)
C, =%jA3(—X)‘3’2dX C, = —% X [ By, (—X)™*?dX

C,= —I B4,¢ (—X)fl/zdx D, = _IC5,¢ (—X)*lfde G, = _J' Bs x (_X)fllz dXx

=  Primary constraint prevents the propagation of extra degrees of freedom

[Gleyzes,Langlois,Piazza,Vernizzi, PRL 114], [Crisostomi,Hull,Koyama, Tasinato, JCAP 1603 ] 158



Inflation: scalar field

| : .
Lzadpgﬁd‘”@—\f(@) P=%¢52+V(d)), P=%¢2—V(¢),

H? =

8w |1 .9
3m? [Eé +V{¢,J]

t’p]

é+3Hp+ Vy(d) =0
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Inflation: scalar field

1
[, =
2

S 0up 9 = V()

2 8

9.2
dmp]

b +3Hd +

Slow-roll conditions: /2 < V(¢) and |¢| < 3H|¢|
87V ()

H? ~

3m?

[%é2+1ﬂ¢1

Vs(9) =0

pl

3H$ ~ —Vy(0)

a
= ln S —

H dt ~ —5-

1-
P = §¢'2 +V(¢') ]

—dc;‘J

V(¢)

1-

¢ in , Pend Reheating
N A¢ 7
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Primordial Spectra

The results for the power spectra of the scalar and tensor fluctuations created by inflation are

l . 1 H*1
AR = AL (k) = — — = 229
l 2 H?
AL(k) = 285 (k) = S — (223)
P k=aH
where T
Il
£=— . 224
AN ( )

The horizon crossing condition k = aH makes (222) and (223) functions of the comoving wavenumber
k. The tensor-to-scalar ratio is

r=—=106¢,. (225)



Simple Inflation models: problem

Tensor-to-scalar ratio (rg.002)

0.20

0.15

0.10

0.05

0.00

0.94

0.96
Primordial tilt (ns)

TT,TE EE+lowE+lensing

TT,TE,EE+lowE+lensing
+BK14

TT,TE,EE+lowE-+lensing
+BK14+BAO

Natural inflation
Hilltop quartic model
« attractors
Power-law inflation
R? inflation

V x ¢?

V x ¢4/3

Vxo

V ¢2/3

Low scale SB SUSY
N.=50

N.=60

0.98

1.00




Inflation in Nonminimal Derivative Coupling

S = [d'x=8] s R-2(9,.- 8, )00 8-V (9|5, +5,

s In flat FRW:

H2 = %[g(u 9CH?)+V (#) + o, +pr}

2H +3H? :-8@{%{1—4{2&] +3H?2 +%.¢.H—V(¢)+ P, + pr}
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Tensor—to—scalar ratio

Inflation with Nonminimal Derivative Coupling

= New Higgs Inflation: r =~ 0.05

V() =Vop”

¢* and ¢*? for Ween=—1/3, —1/5,0, 1/5,2/3

T0F S

1 . W =0 (Gl

4 2,2 . W=0(GR

V@)=hs ¢ Vig) = 5Me ¢ 60} N

0.25~ T T T T T 0.25 . ‘ . s0F \\ | E

2 - S a0} .
¢ (M>Hy = CR) = : : :

0.20 12 o0l 30t w=—1/5(DC)~ o ]
g 20 ) i g ]
= 10} \

] O

0.15 1% 015} , Y
g ] D S
L 10M}

0.10} 1< o.10} ]

L S 10"} ]
=]
z S 10t
0.05 18 005 1= 1 1
@ =
E:' 10° 4
, 0.0 ‘ : : : : ‘

0.0~ 0.93 094 095 09 097 098 099 10( 100} 1

ny /

0.1 £ ; :
0.95 0955 096 0.965 0.97 0975 0.98
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Dark-Energy in Nonminimal Derivative Coupling

© (5= fa| g R (6, - B,V (@) |5, S,

= Inflat FRW:
72
H?2 =—8’;G {%(1+ 99’!—!2)+V(¢)+pm +er

—

2H +3H? =—87ZG|:§|:1—§[2H +3H7? +%.¢.5H—V(¢)+ P, + pr}

V (#) =V,¢"

. ¢ [TeV?] ' ¢ [TeV?]
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Inflation in Horndeski Theories

" K X)=X ~V(g), Gy(¢hX) =% X, G, =G, =0

1.4
035 V(¢) = 2 Agp
' 0.4 . , .
(a) N=50
03} 0.35 | (b) N=60
(@) (c) N=70
0.25 | 03 r ,
o2 | 0.25 |
- 02
0.15 |
0.15 |
0.1t 01l
0.05 | 0.05 |
0 093 094 095 096 097 098 0.99

093 094 095 096 097 098 099 1 101
S

: : : X? 1

= G-Inflation (Shift-symmetric): K(¢, X) =X + M G;(¢, X) = YE X, G, =Gg =
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Dark Energy in Horndeski Theories

K(¢, X)=c,X, Gy(¢, X)=¢;, G, =1, Gy =¢;

o=

1.0°

0.8

04-

0.2

0.6

0.0

Log [1+7]
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Dark Energy in Horndeski Theories

K(¢1X):C2X’ G3(¢,X)=C3, G4:1’ GS=05

Background evolution: Universe thermal history

Perturbations:

S +2HS, =47G,, p,,

with Geff = Geff (¢, K, 63’ G4’ GS)

Clustering growth rate:
y(z): Growth index.

ding,

dIna

=0 (a)

1.0
0.8
0.6
(o
0.4-
0.2-
0.0 —— —
0 1 2 3
Log [1+7]
2
k=0.001 h Mpc™!
_____ k=0.01 h Mpc !
,,,,,,,, k=0.1 h Mpt'_'
° =
L I""'"—-..,_._\ _‘4 "- 3
; - e AT 4R A
L, ~ 7 - . A\
4 N 's r Y
s, I H A
—2. - ‘{_ I’ : & |
I . - \‘
| ks / *
v ’
L A I
A I
p— | \-‘. I’
-6 T :
0.0 0.5 1.0 1.5 2.0
log (1+2)
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RAN2  gravity

1. The case of f(R) = R+ aR*

Quadratic corrections in the Ricci scalar motivated by attempts to renormalize GR, constitute a straightforward
extension of GR and have been particularly relevant in cosmology since they allow a self-consistent inflationary model
to be constructed @] We will use this model as an example before discussing general metric f(R)-gravity.

Let us begin by deriving the field equations for the Lagrangian density

L=R+aR?+2xL™ (8.11)
from the variational principle § [ d*z/=g £ =0. We consider vacuum first. The variation gives
/d‘lx\/—g Gapdg® + aé/d‘lac —gR*=0, (8.12)

in which the variation of R,/—g produces the Einstein tensor. We now compute the second term on the right hand
side of Eq. (8.12). We have

1
5fd4$\/—gR2 = —ifd‘lx\/—g galgég‘*'BRz+2/d4:::\/—gR5R (8.13)
and

/ d*z/=g ROR = / d*zy/=g R (09" Rop + g°"0Ryg) - (8.14)



RAN2  gravity

J J
By using the fact that
4" 6Ry5 = V,V3h —Oh, (8.15)
where
hef=—5g"  h= —gulgég‘*'g, (8.16)
one has
/ d'z/=gRg""0Rus = / d'zy/=gR (Vo Vsh - Oh) . (8.17)

Integrating by parts twice, the operators V, V5 and O acting on h®® and h, respectively, transfer their action onto

R and
[ temaRg iR = [ oy (99,50 10R) 813



RAN2  gravity

Using Eq. (8.16), Eq. (B.I8) becomes
/ d'e/=gRg*0Res = / d'w/=g(~09""VaVsR + gasORIG™) . (8.19)
Upon substitution of Eq. (8.19) into Eq. (8.14), one obtains
f d'z/=g ROR = / d*1 /=g (R6g*" Rag — 66*°VaV3R + gasORIg™) (8.20)
and Eq. (8.13) takes the form

1
i [tay=g = =3 [ dey=g0usbs B +2 [ day=g (Rig" Rop - 54" V.V R+ 00,03

- f d'7y/=g (2RRas — & gapR)0g"" 42 / d*z\/=g (9ap0OR - Vo V3R) 6¢°7 . (8.21)



RAN2  gravity

Substituting this equation mto Eq. 812) and including the matter part of the Lagrangian £™ which produces the
energy-momentum tensor Tw , the field equations

Gu,ﬁ’ +a

1 '
2R (Rrxﬁ grxﬁ’R) +2 (guﬁ’DR VQVQR)] u;) (822)
are obtained; they are fourth-order equations for the metric components. The trace of Eq. (8.22) is

OR - ﬁiﬁ (R i T(m?) -0, (8.23)



RAN2  gravity

which shows that o must be positive. One can also define an angular frequency w (equivalent to a mass m) so that

1
o w? =m?. (8.24)
Following this definition, Eq. (823) becomes
OR -m? (R + H,T("”)) =0. (8.25)

Eq. can be seen as an effective Klein-Gordon equation for the effective scalar field degree of freedom R
(sometimes called scalaron).



f(R) gravity

2. f(R)-gravity: the general case

Let us discuss now a generic analytica function f(R) in the metric formalism, beginning with the vacuum case,
as described by the Lagrangian density \/—¢ £ = /=g f(R) obeying the variational principle é [ d*z\/=g f(R) = 0.
We have

5 / Ao/~ f(R) = / 'z [6 (V=g f(R)) + V=90 (f(R))]

- / /=G [/(R) R — L0 [ (R)] 69" + f day/=g '(R)g"6R,.,
(8.26)

where the prime denotes differentiation with respect to B. We now compute these integrals in the local inertial frame.
By using

"R, = 9" 0, (0G,) — 9" 0, (0GL,) = O,W° (8.27)

py =

15 This assumption is not, strictly speaking, necessary and is sometimes relaxed in the literature.



f(R) gravity

where
W = g"5G7, — g"75GY, (8.28)
the second integral in Eq. (8:26) can be written as
/d‘la:\/—g F(R)g" OR W = /d‘lx\/—g fI(R)OW . (8.29)
Integration by parts yields
! a f a ! =3
/ d'zv/=g ' (R)g" éR,, = / dx . V=g [(R)W?] — / d*z8, [V=gf' (R W7. (8.30)

The first integrand is a total divergence and can be discarded by assuming that the fields vanish at infinity, obtaining
/ oG f'(R)g" 6 Ry = / &2, [V=4 f'(R)] W". (8.31)

Let us calculate now the term W7 appearing in Eq. (8.31). We have
667, =8| 307 Gutos + O — Outhn)| = 307" B 00 + 0, G09u) ~ 00 Ga)] . (832

since in the locally inertial frame considered here it is

ac.tgylf — v(.rg,uu =0. (833)



f(R) gravity

Similarly, it is

1
5G:W — _guaa” (5gm) .

2

By combining Eqs. (R:33) and (8.34), one obtains

1y a ]' Y [8'¥en iy
"G, = 5 9" [0, (9ar09”7) — 0y (Guadyg”™) —

2

QFU(SG:_}W = 75 ag (guu 5.91”1)

from which it follows immediately that

= 07 (guog"”) —

Using this equation one can write

]' L LAy
g““c’)‘a(égw)}zaa" (9,09™) — 0" (gandg”™) |

0" (gudg™") .

f d'zy/=g f'(R)g"" 0 Ry = f d'x05 [V=g ['(R)] [0" (9097") = 07 (g 0g"")] -

Integrating by parts and discarding total divergences, one obtains

[ dtev=g 1)

)" SRy = / d'z g,,,0°05 [\/—gf (R

g - /d“rgw(‘?@[\/_f ] 6

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)



f(R) gravity
The variation of the action is then

5[ Py =gf(R) = f d'oy/=g [f'(R) Ry — 3 (R)gu] 09"

[ e [90 0, (V5 ) - 0,00, (=5 ()] 39" (8.40)
The vanishing of the variation implies the fourth order vacuum field equations
/ [(R) / /

F(R) Ry = == 9w =V Vo ['(R) = guOf (R). (8.41)

2



f(R) gravity

These equations can be re-arranged in the Einstein-like form

['(R) I'(R) f(R)

fr(R)RpU T QM'R + 9 QWR Ty Juv = v#vaf(R) - vaDfr(R) ; (8'42)
and then
1 , , R)— f'(R)R
G = g5 AT 00 (R) = 0 () + g L 8.8

The right hand side of Eq. is then regarded as an effective stress-energy tensor, which we call curvature

fluid energy-momentum tensor Tpo"" sourcing the effective Einstein equations. Although this interpretation is
questionable in principle because the field equations describe a theory different from GR, and one is forcing upon
them the interpretation as effective Einstein equations, this approach is quite useful in practice.



f(R) gravity — Palatini approach

Spat = 5 [ FV=GHR) + Saslgu ). (13

Ry = VALY, =V, 6 . (14)

yields

F(R)Ru) ~ 5 (R = KTy, (15)
Vs (V3f (R)g")
+V, (V= (R)g ) 80 =0, (16)

where 7}, is defined in the usual way as in eq. (7)), @#
denotes the covariant derivative defined with the inde-
pendent connection F)‘w, and (pr) and [ur]| denote sym-
metrization or anti-symmetrization over the indices p and
v, respectively. Taking the trace of eq. (16)), it can be



f(R) gravity — Palatini approach

easily shown that

Vo (V=af (R)g™) =0, (17)

which implies that we can bring the field equations into
the more economical form

1
(R Ry = 55 (R)gus = KG Ty (18)
Vi (V=g (R)g"") =0, (19)



f(R) gravity — Palatini approach

Finally, let us present some useful manipulations of the
field equations. Taking the trace of eq. (18) yields

FR)R —2f(R) =k T. (20)

As in the metric case, this equation will prove very useful
later on. For a given f, it is an algebraic equation in
R. For all cases in which T' = 0, including vacuum and
electrovacuum, R will therefore be a constant and a root
of the equation

f'(R)R —2f(R) = 0. (21)



f(R) gravity — Palatini approach

by = 1 (R) g (22)
3 1 /
R;.w — Rluu 2 (f ( (v,ﬂf ( (vuf (R)) -
1 1
f (R (V V. 5 I )f (R). (26)

Contraction with g yields

3 ; p
R=R + soomss (Vaf (R)) (V41 (R))

3
f'(R)
Note the difference between R and the Ricci scalar of h,
due to the fact that g, is used here for the contraction

of R,..

(R). (27)



f(R) gravity — Palatini approach

Replacing eqs. (26) and in eq. (18), and after some

easy manipulations, one obtains

GFL" — %pr - %gpu (R_ %) (28)
1
+57 (V¥ = gu) £
3 1 1

37 {(ng’)(‘?uf’) - §gﬁu(‘?’f’)2] *



Various Theories

f(R) GRAVITY

[ and gu independ
,u,:jﬂil-” gur Independent

METRIC-AFFINE f(R) M, ={ )

iSM = Sn(guv, V)

PALATINT f( METRIC f(R)

R)
‘\\ //"
f(R)=R f(R) =R

\/

f(R) #0 GR f(R) #0

BRANS-DICKE, wy = —: BRANS-DICKE. wy = 0

3
2




Conformal Transformation

d 190 i) o 10 o 170
Raﬁ’}' =T - FB’}*.& + I‘a'}'raﬁ' o ﬁﬁ'r

ay,3 oo

R,=T" —T" 4+TI®TI" —TI%T"

fpv vp, i pp- av vpt ap

and R = g*’ R,z is the Ricci curvature. O = ¢"*V,V,, is d’Alembert’s operator.



Conformal Transformation

d 190 i) o 10 o 170
Raﬁf}f - Fm,ﬁ _ th,a + Faqfrarﬂ o fi’}fraa 3

R,=T" —T" 4+TI®TI" —TI%T"

ppsv vpu TS ppt av vp~ ap
and R = g*’ R,z is the Ricci curvature. O = ¢"*V,V,, is d’Alembert’s operator.

If (M, g,.) is a spacetime, the point-dependent rescaling of the metric tensor

gp[-!f — gp.u — Szgg'uy ] (l.l)

where (2 = (x) is a nonvanishing, regular function, is called a Weyl or conformal
transformation. It affects the lengths of time [space|-like intervals and the norm of time
[space]-like vectors, but it leaves the light cones unchanged: the spacetimes (M, g,.)
and (M. a..,) have the same causal structure. The converse is also true (Wald 1984). If



Conformal Transformation

e 7o
By ™ rﬁ'}'

+ Q7 (55V,Q + 82V50 — g5, V°Q) (1.2)
Rag,’ = Rogy’ + 280,V 2V, (I0Q) — 2% 9,1,V 3V, (In Q) + 2V, (In©2)6% V., (In ©)
2V (In Q)g4,9° Vo (InQ) — 29,05 9° Vo (InQ)V,(InQ) (1.3)

Rog = Rog — (n— 2)VaVs(In Q) — g03g”"V,Ve(In Q) + (n — 2)Va(InQ)V4(In Q)
—(n = 2)gap 9”°V,(InQ)V,(InQ2) | (1.4)

~ P RCAVANOAVIH )
R = §“*jRQ3 — Q2 {R —2(n—-1)0(nQ)—(n—1)(n—2) g VQQ Vi ] . (1.5)

where n (n > 2) is the dimension of the spacetime manifold M. In the case n = 4, the
scalar curvature has the expressions

(1.6)

GDQ]—Q—Q [R 120(VQ) 39“3%{2‘7352]
Q] B N ’

R :Q_Q{ ——
i i VQ 02



Conformal Transformation

which are useful in many applications. The Weyl tensor Cum,‘s (beware of the position
of the indices !) is conformally invariant:

e

Oaf:?'}fé — Oaf:?'}'é s (17)

and the null geodesics are also conformally invariant (Lorentz 1937). The conservation
equation VT, = 0 for a symmetric stress—energy tensor 7, is not conformally invariant
unless the trace T" = T*, vanishes (Wald 1984). The Klein-Gordon equation O¢ = 0
for a scalar field ¢ is not conformally invariant, but its generalization

n—2

T Fe=0 (1.8)

O¢ —

(n > 2) is conformally invariant (note that the introduction of a nonzero cosmological
constant in the Einstein action for gravity creates an eflfective mass, and a length scale,



Rﬂ.y -

Conformal Transformation of Brans Dicke theory

1 w
SBD = — fd4mxf — @R - V”@VPCD + S-rnaue'r k) (21)

167 o]

which corresponds to the field equations
1 87 w , , 1 o , 1 . .

SR = ST+ 5 (v#govy@ — 50wV @va@) 2 (VYo = 9,000) | (22)

87T
Ob = . 2.3
3+ 2w (2:3)

The conformal transformation ([l.1]) with

Q= ./Go (2.4)

and the redefinition of the scalar field given in differential form by

~ 2w+ 3 do
dp =4/ — 2.5
¥ 167G @ (2:5)

(w > —3/2) transform the action (B.1]) into the “Einstein frame” action

S =

. ﬁf 1o, - ~ ™G~ -
fd4m{ —9 |:1671'G - §v#@v“@} exp (8 2w + SQ) Lomatter (9)} > (2.6)

where V.. is the covariant derivative onerator of the rescaled metric a..... The eravita-



Conformal Transformation of non-minimal coupled
theory

1 £¢? 1
s = [day=g ~ )R- 2VHV,0 - V(9)| 2.7
d x g[(lﬁw(}‘ 5 ) 5 OV P (¢) (2.7)
where V' (¢) is the scalar field potential (possibly including a mass term and the cosmo-
logical constant) and £ is a dimensionless coupling constant. Note that the dimensions
of the scalar field are [¢] = [G‘lf 2] = [my]. The equation satisfied by the scalar ¢ is
dV
O¢p — R — — =0 2.
¢ — &R o 0 (2.8)
Two cases occur most frequently in the literature: “minimal coupling” (¢ = 0) and
“conformal coupling” (¢ = 1/6); the latter makes the wave equation (R.§) conformally
invariant in four dimensions if V' = 0 or V = \¢? (the latter potential being used in the
chaotic inflationary scenario). The conformal transformation (|1.1}) with

02 =1 - 8rG&p? (2.9)

and the redefinition of the scalar field, given in differential form by

1 [1=87GE(1—68) ¢
o= 1 — 8nGEd?

do | (2.10)



Conformal Transformation of non-minimal coupled
theory

1 = v/ :
S = /d LGM Qv oV .6 — V()] (2.11)

where the scalar field ¢ is now minimally coupled and satisfies the equation

- dV
9NN 0 — i =0. (2.12)
do

The new scalar field potential is given by

V(o)

. 2.1
(1-87GEP)” 219

V(p) =



Conformal Transformation of f(R) gravity

1
Smet = ﬂ f dfla: vV —4g f(R) + Sﬁ«f(gﬁlf& ?L‘) (50)

One can introduce a new field y and write the dynami-
cally equivalent action

St = 5 [ AeV=F00 + FOOE = 0] +

+Sn (Guw, ). (51)
Variation with respect to y leads to the equation
F"OO(R = x) = 0. (52)

Therefore, x = R if f"(x) # 0, which reproduces the
action (5).'* Redefining the field x by ¢ = f'(x) and
setting

Vi(g) = x(@)p — f(x()), (53)

the action takes the form

1
Smet = 5= [ doV/=g16R = V(@) + Sat (g ¥). (54)



Conformal Transformation of f(R) gravity

The field equations corresponding to the action (54
are

K 1
, = —T,, — — g,.,V (¢
G P 9V (9)
1
+5 (V#Vut?) - Q#LFDGI)) ; (55)
R = V'(9). (56)

These field equations could have been derived directly
from eq. (6) using the same field redefinitions that were
mentioned above for the action. By taking the trace of
eq. (55) in order to replace R in eq. (56), one gets

v

30¢ + 2V (¢) — ¢ i kT, (57)

This last equation determines the dynamics of ¢ for given
matter sources.



Conformal Transformation of f(R) gravity

Finally, let us mention that, as usual in Brans-Dicke
theory and more general scalar-tensor theories, one can
perform a conformal transformation and rewrite the ac-
tion (54) in what is called the Einstein frame (as opposed
to the Jordan frame). Specifically, by performing the con-
formal transformation

Guv = Guv = fI(R)Q#u = QGuv (58)

and the scalar field redefinition ¢ = f/(R) — ¢ with

= 2w+ 3 do
d@—\/ P (59)




Conformal Transformation of f(R) gravity

a scalar-tensor theory is mapped into the Einstein frame
in which the “new” scalar field ¢ couples minimally to
the Ricci curvature and has canonical kinetic energy, as
described by the gravitational action

R 1 - - -
S(yj- = \/\ddﬂ: N —§ [ﬂ - 5 8“2@80:@ - U(Q)] . (60)
For the wg = 0 equivalent of metric f(R) gravity we have

p=f(R)=eVF? (61)

_ RI'(B) — f(R)

2k (f'(R))* (62)

U(®)
where R = R(¢), and the complete action is

r y = ﬁ 1 o 1 T T
S'rr:r,c't - /\dlj: —9g [ﬂ - E d (patx@_ U(Q):l +

+Sp (e V2B L ). (63)



f(R) gravity

L [4txCg R+ 5u(g,.0)

167zG

1 1 1
f (R)Rﬂv—if(R)gW—[VﬂVﬂ—gWO]f (R)=84GT,,

= Field Equations (metric formalism):

= Conformal transformation:  g,, - §,, = f'(R)g,, =0, dp = [>2+3 92
162G ¢

4% R 1 66T U(o) = R (R) = T(R)

=y O = J'd XA/ — 9[16726—58 goaago—U(q))}sm(e gw,z//) (9) 16:6[ T (R)F

196



Are the Jordan and Einstein frames equivalent?

= Are the Jordan and Einstein frames equivalent?



Are the Jordan and Einstein frames equivalent?

Are the Jordan and Einstein frames equivalent?
Answers after >1000 papers of the literature:

Yes

No

Yes at the classical level, no at the quantum level
Yes only if matter is absent, no otherwise

Yes only if singularities are absent, no otherwise



Hamiltonian Analysis — Degrees of Freedom

Coupled oscillators [ edit ]

Consider two equal bodies (not affected by gravity), each of mass m, attached to three springs, each with spring constant k. They are attached in
the following manner, forming a system that is physically symmetric:

s

where the edge points are fixed and cannot move. We'll use x;(t) to denote the horizontal displacement of the left mass, and x,(t) to denote the
displacement of the right mass.

If one denotes acceleration (the second derivative of x(t) with respect to time) as z, the equations of motion are:
mi, = —kxy + k(zy — 21) = —2kz; + kay
miy = —kxy + k(xy — 29) = —2kzo + ki
Since we expect oscillatory motion of a normal mode (where w is the same for both masses), we try:
z(t) = Aje™
T (t) = Age™
Substituting these into the equations of motion gives us:
—w'mA et = —2kA e + kAye™
—wmAse™ = kA — 2kAse
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Since the exponential factor is common to all terms, we omit it and simplify:
(w'm —2k)A; +kAy =0
kA; + (w'm — 2k) 4, =0

And in matrix representation:

[wgm—% k KAI)_O
k Wm—2%k|\ 4, )

If the matrix on the left is invertible, the unique solution is the trivial solution (A1, A7) = (X1, X2) = (0,0). The non trivial solutions are to be found for those values of w whereby the matrix on the left is sin
i.e. is not invertible. It follows that the determinant of the matrix must be equal to 0, so:

(w'm - 2k)* =K =0

Solving for w, we have two positive solutions:

[k
W =4/ —
m
3k
Wy =4/ —

m

|f we substitute w; into the matrix and solve for (A1, A;), we get (1, 1). If we substitute w,, we get (1, —1). (These vectors are eigenvectors, and the frequencies are eigenvalues.)

The first normal mode is:

(4

Which corresponds to both masses moving in the same direction at the same time. This mode is called antisymmetric.

The second normal mode is:

R
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.2 .2 2 2 2
miEy Mad; kixzi  ka(zo — 1) kesx3

2 2‘_2+ 2 +2

The dots here (according to Newton’s notation, which is widely used in mechanics and physics) refer to
the first derivatives of the coordinates, i.e. velocities of the masses. The Lagrangian of the system is

written as follows:

1
L=T-V= E[mlmf - mg:&% — klm:f — ko(xzo — :1:1)? — k'3$%:| .

Compose the differential Lagrange equations:

d 0L JdL d JL L d OL oL

dt 0&; Oz or dt i, B Oz,’ dt Ois B Oxy




Hamiltonian Analysis — Degrees of Freedom

Find the partial derivatives:

oL 1 . )

2% 2 - 2my ) = Mg,
1

oL 1

g = E[—Zklﬂ?l + Ekg [iﬂg — $1)] = —-Ii‘f]_iF] + kﬂ [$2 — ml) 3
1

oL 1 . .

95, 2 - 2maky = mals,

oL 1

92, = E[—Ekg (zg — 1) — 2koxs] = —ko (x2 — 1) — k3xs.
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_kl+k2+w2 k2
det (K +w’I) =0, =| ™, o — o0,
2 2+K3 2
Mz _ Ma +w
ey + ke ko + ke e
(o lth) (o kiky B,
mg ma myima
foy + e 1 + k2) (ko + k k2
Ak zwg_k2+k‘3w?+( 1+ ka) (k2 +ks) Ky _o,
My ma mima iz
ke . I ko) (ky + ke k2
=}_w4_( 1+k2+kz—|—k3)w?+(1+ 2) (Je2 3)_ 2 — 0
m1 ma mima m1ma

Solving this biquadratic equation, we find the eigenfrequencies. Let us first compute the discriminant:

my ma mymsa mymsa

D_(m+@_@+%){4[m+muh—%)_ k5

=(m+mf+(@+@y_zm+@n@+w_Awrmﬁ%+M)

mymao T

%%_(h+% @—@)2 4k3

ma ma mima

Then the square of the eigenfrequencies will be described by the formula

s Lfly+ky kot ks By + ks ko +hs\® 4k 47
= 31 + < - o] )
mq 1Mo my ma 1My
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Calculating a Hamiltonian from a Lagrangian | edit]

Given a Lagrangian in terms of the generalized coordinates q" and generalized velocities g‘vi and time,

1. The momenta are calculated by differentiating the Lagrangian with respect to the (generalized) velocities:

o oL
pi(q',q",t) = —
( ) Py

2. The velocities {ji are expressed in terms of the momenta p; by inverting the expressions in the previous step.

3. The Hamiltonian is calculated using the usual definition of # as the Legendre transformation of L:

HZq"*ﬁg;—ﬁZq'fpf—c

Then the velocities are substituted for through the above results.
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—

The four-dimensional line element in the ADM form is given by,

dSQ = g#_l,dx“dxl’

= —(N* — N;N")dn* + 2N;dz'dn + v;dz' dz’ (2.6)

where N(z#) and N;(2#) are Lapse function and Shift vector respectively, v;; is the 3-D space



Hamiltonian Analysis — Degrees of Freedom — GR case

2.2 The ADM formulation of general relativity

The physical content of gravity and its propagating modes are easily identified in the ADM

formulation [22] which is based on a 3 + 1 decomposition of the metric,

N = (g2, N;i = goi , Yij = Gij - (2.4)

The N and N; are the lapse and shift functions respectively. In this parameterization,

-1 NI
g =N"" | ) (2.5)
Nt NQ,YE_'} — NN

where, N7 = ~A9* N, and ~% Yik = 5; Denoting the momentum canonically conjugate to

Yij by 77, the Einstein-Hilbert action in terms of these variables becomes (we ignore all

boundary terms in what follows),

S = M} /d4:1: (77 0yyi; + NRY + N;R'] . (2.6)

The R* are functions of v;; and 7% but are independent of the N, = (N, N;),

1 1 id i v ?TEJ
Vdet~ [R(qf) + (54’?2 - wlmj)} : R = 2y/dety V; (ﬁ) '

det ~
(2.7)
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\&- 1)
The six components of v;; are potentially propagating modes in the sense that their equa-

tions of motion obtained from (R.6]), as well as those for their conjugate momenta 7'/,
involve time derivatives (so that the Euler-Lagrange equations for ~;; are second order
in time). Since a single propagating mode involves a field component and its canonically
conjugate momentum, the six potentially propagating modes are described by the 12 func-
tions (i, 7). However, in the theory defined by (@ not all of these are independent.
To see this, note that the NV, appear linearly as Lagrange multipliers, hence their equations
of motion are four constraints (the “Hamiltonian” and “momentum” constraints) on the
remaining fields,

Rﬂ(’\f: "'T) =0 : RL(’Y, "'T) =0. (28)

These constraints can be used along with the four general coordinate transformations to
eliminate eight of the 12 functions, in favor of two remaining pairs. These pairs are the two
propagating modes of GR, describing the two polarization states of the massless graviton
at the non-linear level. In particular, the scalar ghost is not part of the physical spectrum
122 . )

Of the 12 equations of motion for (v;;, 7*/), four reduce to Bianchi identities while
another four determine the N,,. The remaining four equations describe the propagating
modes.



Hamiltonian Analysis — Degrees of Freedom — f(R) case

Let us consider now the Lagrangian density describing a generic f(R) model, namely

L= ,/~3g(f(R) -2A.), with " # 0. (65)

A cosmological term is added also in this case for the sake of generality. Obviously f " = 0 corresponds to General Relativity. The generalized
Hamiltonian density for the f(R) theory assumes the form

1 [P i} 1. )
= | = ((3)R —2A. - 3K;KT + KZ) +V(P) - 5 8Py - 27Ky . (66)
K

where

V(P) = /~g[Rf'(R) - f(B)]. (67)

Henceforth, the superscript 3 indicating the spatial part of the metric will be omitted on the metric itself. When f(R) = R, V(P) = 0 as it should be.
Since

Pl=-2/2"f'®) =  P=-6/7®. (68)

we have

M= ;_K [_ \[—Tgf’(R)((?’)R —2A, - 3K;K7 + KZ) +VP) + 27 (7 R)) , - 2pUKI-J.-]. (69)
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With the help of Eq. (57), Eq.(83) becomes
H =f"(R)|2x)Gjjn’z*" — R ((3)R — 2A.) + L [\/——gf’(R)(ZK--KU) + V(P +28"(~gf' ), - zpf'fK--] (70)
1 2K C 2K y |U 1-

However

p’ = /=gK", (71)

then we obtain

H=f"(R [(ZK)G;;wr*'f:r“ _ V8 ((3)R - 2A{.)

2K

l ,;,' ' ij !
+ 5 2y (P B = 1) + v + 287 (== )| 72
and transforming into canonical momenta, one gets

l; ij _k —8 3) ij _k 2 ' 1 ij l; :
H=r'R) l(Zx)GWJrJ'Jr“ _ 2—‘/7: (("JR _2A, )] +2(2¢) [GUHJ’IJJI“ + % (F® = 1)+ 5 [V(P) + 28" (/=g (R))W]. (73

By imposing the Hamiltonian constraint, we obtain

. = . 2], 1 ; , , A,
/' ® [(2:«)6,;“;:%“ - % ‘”R] +2(2K) [Gw”n"“' + T ®=1)+ o [V + 287 (=7 B) | = ' ®Yy=7 ==
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= In summary:

= General Relativity has 2 propagating d.o.f,
corresponding to a massless spin-2 field (graviton)

= f(R) gravity has 2+1 propagating d.o.f.

= This extra degree of freedom brings new and
interesting phenomenology in cosmology, black
holes, etc



RA2 cosmology — Inflation — Jordan Frame

We consider the models of the form

f(R)=R+aR", (a>0n>0), (3.1)

which include the Starobinsky’s model [564]

fluid (par = 0), Eq. gives

as a specific case (n = 2). In the absence of the matter

3(1 4+ naR" H* = %(n ~1)aR" - 3n(n - 1)aHR"R. (3.2)

The cosmic acceleration can be realized in the regime F' =14 naR™ ! > 1. Under the approxi-
mation F' ~ naR" !, we divide Eq. (3.2) by 3naR"! to give

n-—1

H* ~

R )
ﬁn (R_ hnﬂﬁ) . (13!.3)
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~ During inflation the Hubble parameter I evolves slowly so that one can use the approximation
|H/H?* <« 1and |H/(HH)| < 1. Then Eq. (3.3) reduces to

H B 2—n (3.4)
gz2- Y YT o DEn-1) 2
Integrating this equation for ¢; > 0, we obtain the solution
1 1/e ‘
H~— aoct /. (3.5)
Elf

The cosmic acceleration oceurs for ¢; < 1,i.e., n > (14++/3)/2. When n = 2 one has ¢; = 0, so that
H is constant in the regime F' >3 1. The models with n > 2 lead to super inflation characterized
bv H > 0and a x [ty — t|_”|'”| (ty is a constant). Hence the standard inflation with decreasing
H occurs for (14 /3)/2 < n < 2.

In the following let us focus on the Starobinsky’s model given by

f(R) =R+ R*/(6M?), (3.6)
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where the constant M has a dimension of mass. The presence of the linear term in I eventually
causes inflation to end. Without neglecting this linear term, the combination of Eqs. {2.15) and

(2.16) gives

H H2+lif¥f— SHH (3.7)
2H 2 - ’ =

R+3HR+ M?R =0. (3.8)
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During inflation the first two terms in Eq. (3.7) can be neglected relative to others, which gives
H ~ —M?/6. We then obtain the solution

H ~ H;—(M?/6)(t—t;), (3.9)
a ~ azexp [Hi(t—t;) — (M*/12)(t — t;)*] (3.10)
R ~ 12H* - M*, (3.11)

where H; and a; are the Hubble parameter and the scale factor at the onset of inflation (t = t;),
respectively. This inflationary solution is a transient attractor of the dynamical system [407|. The
accelerated expansion continues as long as the slow-roll parameter

H M
H?* = GH?’

£] = — (312)

is smaller than the order of unity, i.e., % = M?. One can also check that the approximate relation
3HR + M2?R ~ 0 holds in Eq. (3.8) by using R ~ 12H?. The end of inflation (at time t = tr)
is characterized by the condition ey ~ 1, ie., Hy =~ M//6. From Eq. {3.11) this corresponds
to the epoch at which the Ricei scalar decreases to R ~ M?. As we will see later, the WMAP
normalization of the CMB temperature anisotropies constrains the mass scale to be M =~ 10 GeV.
Note that the phase space analysis for the model @l was carried out in [407] 24} [131].
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We define the number of e-foldings from ¢ = #; to { = #:
2

tr M )
PS'TE/ HdﬁEHi(tf—ti)— E(ﬁf—ti)z. (315)
t

Since inflation ends at ty >~ #; + HHE-/M’Z, it follows that

SH2 1

N~ 226 o ,
ﬂ_jl"z ZEl(ti)

(3.14)

where we used Eq. in the last approximate equality. In order to solve horizon and flatness
problems of the big bang cosmology we require that N = 70 [391], i.e., e;(t;) = 7x107°. The CMB
temperature anisotropies correspond to the perturbations whose wavelengths crossed the Hubble
radius around N = 55— 60 before the end of inflation.
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Dynamics in the Einstein frame

Let us consider inflationary dynamics in the Einstein frame for the model {3.6) in the absence of
matter fluids (L£3; = 0). The action in the Einstein frame corresponds to (2.32) with a field ¢

defined by
3 3
i - 315
\/7 In F = \/7 111( hﬂfﬁ) : (3.15)
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2.0

15 | .
-5
o — 1.0 -
e

0.50 | .

0.0

-0.5 0 0.s 1 1.5 2

¢Impl

Figure 1: The field potential (3.16]) in the Einstein frame corresponding to the model (3.6). Inflation
is realized in the regime k¢ == 1.

Using this relation, the field potential (2:33) reads [408

3N 2 .\ 2
Vo) = 55 (1—e— "-f"““-’*") : (3.16)




R”2 cosmology — Inflation — Einstein Frame

Since £~ 4H*/M~* during inflation, the transformation (2.44) gives a relation between the
cosmic time # in the Einstein frame and that in the Jordan frame:

r‘—/ VF dt ~ [H(t—ti)—?ii;(f—f)] (3.18)

M

where t = t; corresponds to f = 0. The end of inflation (ty ~ t; + 6H;/M?) corresponds to
t; = (2/M)N in the Einstein frame, where N is given in Eq. (3.13). On using Egs. and
[3:18), the scale factor @ = v/ Fa in the Einstein frame evolves as

- : M? 2\ - i Yy
a(t) ~ l—mﬂ-ﬁ a; e : (3.19)

where @; = 2H;a;/M . Similarly the evolution of the Hubble parameter H = (H/v/F)[1+F/(2HF)]

is given by
- M| M M2 - ,
H(f) i ? [J. - ﬁHf (1 J_EH‘E 1!?‘) ] , (152”)
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The Hield equations lor the action (2.32] are given by

2
3H? = k*? l(d—“ﬁ) + Vi) . (3.21)
2\ dt
d2 ¢ - dp
— +3H—=+V.i=10. 3.22
di? T di tVe [ )

Using the slow-roll approximations (dep/di)? < V(o) and |d?¢/di?| < |Hdo/dE| during inflation,
one has 3H?2 ~ x*V(a) and 3H (do/dt) + V., =~ 0. We define the slow-roll parameters

CdHJAE 1 (VN
a2\ v )

2 2 F
o/dt” g Ve (3.23)
H(de/di) 32

€1 €9
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For the potential {3.16) it follows that

y . M 2 - -
£y %[evga’-‘"'ﬁ' — 12, o ™ &1 + ':;rﬂﬁ_ 2/Bed(] eV 3REYy (3.24)

which are much smaller than 1 during inflation (s¢ == 1). The end of inflation is characterized by
the condition {e, |e2|} = O(1). Solving ¢ = 1, we obtain the field value ¢ 5 =~ 0.19 ).
We define the mumber of e-foldings in the Einstein frame,

_ E__F _ _ r,'_’n-J 1".'
N = / HAl ~ g*2 / —de . (3.25)
i o 1’,¢.

i f

where ¢; is the field value at the onset of inflation. Since _ﬂrdt_‘= HAt[l + F/(2HF)], it follows
that N is identical to N in the slow-roll limit: |£/(2HF)| = |H/H?| < 1. Under the condition
rgy; = 1 we have

- 3 T

N ~ Ef:v“?f’-*“**:. (3.26)
This shows that ¢; ~ 1.11my for N = 70. From Eqs. m and m together with the approxi-
mate relation H ~ M /2, we obtain

3 1

= £ o =
AN 2 N

u:'_.12

(3.27)

where, in the expression of €2, we have dropped the terms of the order of 1/N?%. The results
will be used to estimate the spectra of density perturbations in Section[7]
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FRoT oe g, FR=I®

R=12H?%+6H

= Firedmann Equations (metric formalsm):  3FH 2 _

—~2FH =F —HF +84G(p, + p,,)

= Inflation: e.g. Starobinsky inflation f(R):R+R_2 —V(f) = 3M’ (1_ e-m8ﬂ6¢)
M2 6M” 327G

HrxH -—(t-t) [Starobinsky PL91]

0.20

4 \3/2
M 13 ' ' :
T, <3x107gY* —| Gev M =3x10" GeV & v W TT,TEEE-lowE +lensing
m.. “ TT,TE,EE-+lowE+lensing

reh —
+BK14

TT,TE,EE+lowE-+lensing
+BK14+BAO

|| Natural inflation
S0 Hilltop quartic model

« attractors

Power-law inflation

R? inflation

V x ¢?

V x ¢4/3

Vo

V x ¢2/3

Low scale SB SUSY

N,=50

\ @ N.=60

2.0

0.15

0.10

Tensor-to-scalar ratio (rg.02)

0.05

0.0

-0.5

0.00

0.94 0.96 0.98 1.00

Primordial tilt (n,) 22 1



f(R) gravity - perturbations

,ulr - f‘-}uu vii T"'rp.F -+ y“!;DF

= H—'z |:"-"'J (?u':i}vp':i} - éﬂ;mvifﬁvﬂi’) Lf'-.’up + I;Eﬁf{| 1 [53}
06+ — (wsVAéVab — 2V +42) Zo, (6.4)
2w HZ '

2

1— kr?

ds? = —dt® + d*(t) ( + rgdﬂz)

For the action (6.2} the background equations (without metrie perturbations) are given by

3FH2=%[HF—f}—3HF—|—H.Z E@Mvw}ﬂw ._ (6.6)
—2FH = F — HF + &?wd? + w2 (par + Puy) . (6.7)
. . 1 . f

3+ — 242V, — 22 ) =0, 6.8
b3+ o (wat + 2= L2) <0 (6.)

ong + 3H (par + Par) =0, (6.9)
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We start with a general perturbed metric about the flat FLRW background |57} 1352 231} 1232] 437]
ds® = —(1+2a) dt*—2a(t) (3; 8- S;)dt da’ +a*(t)(8;; 4208 +20,0;7+20; F; + by ) da’ da? | (6.1)

where a, 3, 1, v are scalar perturbations, S;, F; are vector perturbations, and h;; is the tensor
perturbations, respectively. In this review we focus on scalar and tensor perturbations, because
vector perturbations are generally unimportant in cosmology [71].



f(R) gravity - perturbations

We start with a general perturbed metric about the flat FLRW background [57] 3521 1231]1232)

ds® = —(1+2a) dt*—2a(t) (3; 8- S;)dt da’ +a*(t)(8;; 4208 +20,0;7+20; F; + by ) da’ da? | (6.1)

where a, 3, 1, v are scalar perturbations, S;, F; are vector perturbations, and h;; is the tensor
perturbations, respectively. In this review we focus on scalar and tensor perturbations, because
vector perturbations are generally unimportant in cosmology [71].

M)
where T)"/ is the energy-momentum tensor of matter.
We decompose ¢ and F into homogeneous and perturbed parts, ¢ = ¢ + dgand F = F 4 4F,

respectively. In the following we omit the bar for simplicity. The energyv-momentum tensor of an
ideal fluid with perturbations is

Ty = —(par +0par), TP = —(pas + Pas)div,  T: = (Pa +6Pu)d% (6.5)

where v characterizes the velocity potential of the fluid. The conservation of the energy-momentum
tensor (VFT,, = 0) holds for the theories with the action (6.2) [357.



f(R) gravity - perturbations

Perturbing Einstein equations at linear order, we obtain the following equations 316 (see

also [436] [566] [355] [438] (3111 [312] [313] [492) (1381 [33] [441] [328))

f'—'“*,._ - 1 2 : A . I 12 2
U HA = EKEH +3H+—2)EF 3H§F+§(h wed +25Vy f@)ﬁqf}

il

+ K wddd + (3HF — sz:ﬁlz}u + FA+ Hzﬁﬂm} . (6.11)
He— 1) = % {:{zm:;:ﬁzi}—i— GF — HF — Fov + w3 par + PM}'t.!] . (6.12)

1 :
jJ};'+Hx—f1—'t,'L'=F{5F—Fx}.. (6.13)
, A 1 . , , A ,
A+2HA+ | 3H+ — Y JOF +3HOF — | 6H™ + — | 0F + dx"wede

(L (

+ (2K w g d® — 267V 4 + f5)00 — 3Fa — FA

— (4K2wd? + 3HF +6F)a + k2(8pp + EPM}} . (6.14)



f(R) gravity - perturbations

For later convenience, we define the following perturbed quantities

x = alf + a¥), A=3(Ho— ) — %;1{. (6.10)
a

OF + 3HAF — (% + g) aF + §n2&5'¢+ %[x%ﬁ,(_&ﬁ — AV 4 + 2 5)0¢
i . . v

1 . . L2, 1
- ?{2[5;;“ —30Pu) + F(A+ &) + (2}' +3HF + ;_;xﬁwcp?) a—zFiR,  (6.15)

3+ (SH + ?d}) 3+ [—% + (ﬁ) » . (W@ - .f.n;-)ﬁ] 3¢

w s 2 2w
— dev + (2é+ 3H ¢+ ﬂf_bz) o+ dA+ F LR, (6.16)
tw 2w
. A
dpns +3H (8pps + 0Py ) = (par + Pag) (A —3Ho+ —2"-’) ; (6.17)
1
1 d 3 ) (S_!Dﬂ‘r
m E[fl [p}u’ +Rl'|,‘r)f.-] = v + ‘m._ [618)
where 4R is given by
R = -2 [A+ 4H A + (% + 31‘1) o + 2%¢] . (6.19)
a a
k2 f [N
1+4— —
G. — G a- f
eff = 11 2 (K]
f k= f
1+3-——~ —;
a f




f(R) cosmology — Dark energy

872G ppp = FRZ_ f —3HF +3H?(1—-F) for viable:

FR—f

872G poe = F +2HF — —(BH2+2H ) 1-F)

Matter perturbations in viable f(R) models

Under the sub-horizon approximation (k > afi. k is a comoving
wavenunber), the matter perturbation 8, satisfics

Om + 2H8,, — AT G efi prabm ~ 0

Cl+45.m af
Gl [
whiere T +3;§ﬁm an

m = Rf pi/f e isthe deviation parameter from the LCDM.

Gn=0 for f=R-2A)

fr>0, frr >0, for R>R,(>0)
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f(R) cosmology — Dark energy

FR— f

871G poe = T—SHIi +3H*(1—-F) forviable:  fr >0, fr >0, for R>R,(>0)
871G poe = F +2HF — "1 _(3n2 12K )1-F)
model f(R) Constant parameters
(i) Hu-Sawicki R — céﬁ%%ifgﬁl?lp c1, c2, p(> 0),Rus(> 0)
(i) Starobinsky R -+ ARs [(1 + %g) - 1] A(> 0), n(> 0), Rs
(iii) Tsujikawa R — p Ry tanh (Ri-r) u(>0), Rp(>0)
(iv) Exponential R — BRg (1-— e_R/RE) 8, R
] 1.5 1.5
o, +2Ho, :43(;6]? L0,
1.0} Lol
kl f”
e — 1"'40—2? 0.5¢ 0.5
aff - f kl f < B
1+3——
ﬂz f v 0.0r 0.0f
d Ino, —Q’(a) —05 —0.5)
d Ina "
M504 o5 o6 07 08 09 18504 05 06 07 08 09
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f(R) cosmology — Dark energy

024} ﬁ !/ \
o)
o150 ; ( [/ARY
\ /(T
0100 ¢ \ \
&/ E \
oen) / e N
Z N
0

3 y
5 ‘.’

Models

CC+ 1y

JLA + BAO + CC + Iy

AIC

AAIC

BIC

ABIC

AIC

AAIC

BIC

ABIC

ACDM Model
Hu-Sawicki Model
Starobinsky Model

Tsujikawa Model
Exponential Model

28.205
28.744
29.096
20.407
29.310

0
0.539
0.891
1.202
1105

J36.809
38.782
39.134
39.445
39.347

0
1.973
2.325
2.636
2.538

721.084
720.840
721.726
722,966
722.548

0
0.244
0.642
1.882
1.464

749.017
753.128
754.314
755.5564
755.136

0
1411
5.297
6.537
6.119

[Nunes, Pan, Saridakis, Abreu JCAP 1701]
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f(G) Theories

Gauss-BonnetInvariant: G = R*—4R,,,R" + R, ,c RI"'P?

S— / d*2v/=G [L R+ £(3)] + Sm (- ¥rm)

0= ;u,iz (—R*“’ + %g”"ﬁ) +TH %g”"f (G)
—2f"(G)RR"" +4f'(G)R",R"?
=2f"(G)RM°TRY . —4f"(G)R'P7 Ry
+2(VAVY f1(G)) R — 29" (V?['(G)) R
—4(V,VHI(G) R —4(V,V"['(G)) R**

+4 (V2 f1(G)) R™ + 49" (V, V. 1'(G)) R*”
—4(V, V. f'(G)) RV

G=24H*(H® + H).

SHZ :gf,i_.}' —f—iilHaf,‘g + pm + pPrad ,

20

00

-0+

20 [

30

40 |

Q
- .
s
Q
FT——
\'I -
|
|
11
|
|
|
| |
I
|
|
0.1 1 10




Cubic and f(P) Theories

m Cubic combination

el ] i a vl
P = ﬁlﬁppp -H ",. R ,r_n + ﬁ?ﬁﬂ;;-ﬁw R” + .3 ngﬁpi;pﬁrﬁpppﬂr + 64R-Rpupﬁr-ﬁpwpﬂ-
3

+65Rpi;pﬁR#PRi!g 3 R:Rﬁﬁﬁ + 3?R;_LUR””R + ﬁER 1
Br = i(zﬁl 248, — 1665 — 4865 — 565 — 955),
Bs = ( 631 + 3682 + 2283 + 6481 + 355 + 956).
b= 9'— B3+ 884 — ;33
By = —% Bs — %@
ﬁstﬁaa-FSﬂ—ﬁ?a
a@? = —33 - 834 - %ﬁs.

4 o~ N
S —fv’ gd-a [ (R— MHQP] P =63H*(2H? + 3H),

%—fwﬁflﬁ+fm]
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Cubic and f(P) Theories

SHE = K (Pm + !j:':ub} 1
BHE + EH = —K (Fm +pcub} .

A
Peub = ﬁnﬁHﬁ + —,
(2%

: A
Peus = —68H*(H? +2H) — —,
K

0
3

0.0 -
-0.54
.a-:':'_:';"_'-.':__‘__ P
-1.0- 3 -..‘r:.. qh"\_
s = .
o
-1.54 w
.‘\.
y
-2.0- \
-1.0 -0.5 0.0 0.5 1.0



Bi-scalar Theories

Modified gravity propagating 2+2 dofs |G — jd 4xﬁf (R’ (VR)2 , OR)

For f(R,(VR)%0R)=K(R,(VR)?)+Q(R,(VR)? kR

=5 =[d'x/-g B R— % 90,40, — %e_%ZQ”VQ6ﬂ16V¢+%e_2J%K +%e_J%Qf>¢ —%e_%’(ﬂ

K =K(4,B), G=G(4B), B=2¢"g"'V oV ¢
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Bi-scalar Theories

= Modified gravity propagating 2+2 dofs |G — jd 4xﬁf (R’ (VR)Z,OR)

= For f(R,(VR)?,9R)=K(R,(VR)?)+Q(R,(VR)? kR

=5 =[d'x/-g B R— % 90,40, — %e_%ZQ”VQaﬂzav¢+%e_zJ%K +%e_J%Qf>¢ —%e_%"d

K =K(4,B), G=G(4B), B=2¢"g"'V oV ¢
/

= eg.: K(g, B):E’ G(¢,B)=¢B 1? - ]
05 .
1., 1 o = ><
Poezilz_gezm;[(l_zemzk_@js(*/gl_m_') ol TV
0.0+ ' ' ' . T
WDE
Poe = 2 17+ e 207 )y L (g +6g) ]
-1.04
0.5
q 0.0

0.5




MASSIVE
GRAVITY



Introduction

= Massive Gravity, i.e adding mass to a spin-2 particle,
goes back to 1939

= Motivation: I) Theoretical (we know the answer for scalars and vectors)
ii) Cosmological (explain acceleration)
= Indeed it is the most reasonable modified gravity

(not the simplest one, since you add 3 dof’s)

= Itis promising, but...
[Hinterbichler, Rev.Mod.Phys.84]
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Introduction

= 1939: Fierz and Pauli add a linear mass-term to GR «c m*(h,,, —h?)

= 1970: van Dam, Veltman, Zakharov: When the linear theory
couples to a source, the limit |m — O] does not give GR
(vDVZ discontinuity)

= 1972: Vainstein: The non-linearities become stronger and
stronger as m decreases. They must be taken into account and

they do cure vDVZ discontinuity
= 1972: Boulware, Deser: Nonlinearities bring a ghost!
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Introduction

1939: Fierz and Pauli add a linear mass-term to GR oc m?(h,,, —h?)

1970: van Dam, Veltman, Zakharov: When the linear theory
couples to a source, the limit |m — O] does not give GR

(vDVZ discontinuity)

1972: Vainstein: The non-linearities become stronger and
stronger as m decreases. They must be taken into account and
they do cure vDVZ discontinuity

1972: Boulware, Deser: Nonlinearities bring a ghost!

2010: de Rham, Gabadadze, Tolley: Adding higher-order
graviton self-interaction systematically removes the BD ghost

2011 and on: The cosmology has severe problems.
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Fierz-Pauli linear theory

= Put source T#" with coupling xh T*" . Eoms":

Ohﬂv _ aﬂﬁuhj B alavhﬁ 1, va/taahw + auavh N 77ﬂv<>h B mz(hﬂv B nﬂvhz) =K1

= Note: Form=0= o“T, =0 (conservation)
Form =0 no such condition (but we assume it, otherwise obvious discontinuity)
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Fierz-Pauli linear theory

Put source T#" with coupling x hWT”V . Eoms”:

Oh,,—0,0,h} —8,0,h" +1,,0,0,h* +0,0,h—n,,0n—m?(h

v

uv My

')

Note: For m=0 = &“T,, =0 (conservation)

=—xT

uv

For M # 0 no such condition (but we assume it otherwise, obvious discontinuity)

GR is NOT recovered in the massless limit (vDVZ discontinuity)

Massless gravity: 2 spin states
2 helicity states of a massless graviton

Massive gravity: 5 spin states
2 helicity states of a massless graviton

2 helicity states of a massless vector
1 single massive scalar

no 6% dof since the time components hy,appear as Lagr. multiplier

The scalar (longitudinal graviton) maintains a coupling to T even in the massless limit
I.e, the massless limit does not describe a massless graviton, but a massless graviton

plus a coupled scalar

The gauge symmetla/ of GR, that kills the extra dof appears ONLY for M = 0
[van Dam, Veltman 1970], [Zakharov 1970]

and NOT for M —
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Nonlinear theory and the BD ghost

= Nonlinearities become stronger as M —> 0, need to be taken into account.

1 1 o y
S = 2K2Id4x [V_gR _ _g(O) Zng(O)# g(O) ﬂ(h,uvhaﬁ_h,uahvﬂ)]
Full nonlinear Fierz-Pauli mass term
EH action g, the fixed metric on which the massive graviton propagates
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Nonlinear theory and the BD ghost

Nonlinearities become stronger as M —> 0, need to be taken into account.

1 1 o y
S = 2K2Id4x [V_gR _ _g(O) Zng(O)# g(O) ﬂ(h,uvhaﬁ_h,uahvﬂ)]
Full nonlinear Fierz-Pauli mass term
EH action g, the fixed metric on which the massive graviton propagates

The nonlinearities re-bring the 6t dof (no Lagrange multiplier anymore)
The Hamiltonian constraint analysis shows that it is a ghost! [Boulware,Deser 1972

But this ghost cures the vDVZ discontinuity! (it provides a repulsive force that
counteracts the attractive force of the longitudinal scalar mode)  [Vainstein 1972]

But it could still make sense, if quantum effects push the ghost above a cutoff A,
and see the whole story as an effective theory [Arkani-Hamed, Georgi, Schwartz 2002]
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dRGT nonlinear massive gravity

= The 6™ dof (ghost) survives since the lapse function N is not a Lagrange multiplierin
the nonlinear case, as it was in the linear one.

= Idea: Specially design nonlinear terms, so that N becomes again a Lagrange multiplier
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dRGT nonlinear massive gravity

= Finally:

Sue =M2[d* xf[ +m(L+a3L+a4L)}

L= 2 (P -3k ]+ 2l

:2_14([K]A_G[K]2[Kz]+3[w]2+8[K][K3]_6[K4]) [K]=tr(K})
H— SH _ HO a b de Rham, Gabadadze, PRD 82],
Kv — 51/ \/g fab(¢)av¢ 80‘¢\ [de[Rr?am,a(gllbaga?jzg, 'Zl'glley PRL]106]
0
fiducial metric Stickelberg fields

= Free of BD ghost! Free of vDVZ discontinuity!

= Vainstein mechanism: extra dof’s are suppressed at small scales due to non-linearities
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Cosmological applications

= Simplest Example: Physical metric: flat FRW: ds? = dt® —a®(t)5,dx'dx’
Fiducial metric: Minkowski:  fab = 7740
Stiickelberg scalars: #° =b(1), ¢ =X

Variation wrt @ : m*6,(a®>-a*)=0=a=0 NO nontrivial solution (same for closed)
[dRGT et al, PRD 84]
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Cosmological applications

= Simplest Example: Physical metric: flat FRW: ds? = dt® —a®(t)s,;dx'dx!
Fiducial metric: Minkowski:  fab = 7740
Stiickelberg scalars: #° =b(1), ¢ =X

Variation wrt @ : m*9,(a®-a*)=0=a=0 NO nontrivial solution (same for closed)
[dRGT et al, PRD 84]

. . 2 _ 2 4.2 2 2 2 2 |K|(de + ydy + ZdZ)2
= Next: Physical metric open FRW; ds" =-N7dt'+a (t){dx A K+ v+ )
Fiducial metric: Minkowski: Tab = 77ab
Stiickelberg scalars: #° =b(t)\1+|K|(x* + y2 +2°), ¢'=/|K|b(t)X'
b(t) X, _ _1+2a3+a4i\/1+a3+a§—a4
Variation wrt ¢ gives a constraint for b(t): am e o X, = ot

= Friedmann equations:

3H? -3 = p, +m.c, —m?2
a’ #m We get an Effective Cosmological Constant: Ai — mg CJ_r (053, 054)

K| Self-acceleration for C.(asa,)>0
2H 2— | -+ £\
22 = Pm + Pn 546



Perturbations

Unfortunately, there is ALWAYS a ghost instability (it's frequency tends to
vanish at low scales so it always remain in the low-energy effective theory)

This instability is related to the FRW structure of the physical metric, and in

particular from the high symmetries (isotropy).
[Gumrukcuoglu, Lin, Mukohyama, JCAP1203]
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Perturbations

Unfortunately, there is ALWAYS a ghost instability (it's frequency tends to
vanish at low scales so it always remain in the low-energy effective theory)

This instability is related to the FRW structure of the physical metric, and in
particular from the high symmetries (isotropy).

In order to construct a healthy model we must insert anisotropies:

Physical metric: axisymmetric Bianchil: ds*=—NZdt* + a(t)z(e“(t)dxz +e27Vdy® + e_za(t)dzz)
Fiducial metric: FRW: as before

Stuckelberg scalars: as before

—_— .. [Gumrukcuoglu, Lin, Mukohyama, PLB717]
= Puc (1) =

The only healthy model. Disadvantage: Thereis NO isotropic limit! 248



Extension 1: Varying mass massive gravity

= Need to find extensions of nonlinear massive gravity where FRW solutions are stable.

Sme =M Id Xy~ [ +V (W)L, +alatal,) -~ y'//@”l/f —W(l//)} [Huang, Piao, Zhou PRD86]
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Extension 1: Varying mass massive gravity

= Need to find extensions of nonlinear massive gravity where FRW solutions are stable.

Sme =M Id Xy~ [ +V (W)L, +alatal,) -~ y'//a”l// —W(l//)} [Huang, Piao, Zhou PRD86]

= Physical metric: flat FRW: ds® = dt® —a?(t)s,;dx'dx’ -0.6-
Fiducial metric: Minkowski: Tab = 77 a
Stlickelberg scalars: @’ =b(t), @' =a,x 3 08
:SMstzpm+pMG ]
_2M§H:pm+pm+pMG+pMG ol == ..
1.5 Aef | ‘\\\‘\~\
Puc =5V +W (W) +V(l//)( . —1j[f3(a)+ f,(a)] !
1 . Y
Pue = E,/-,Z —W (w) =V )| f,(a) + bf, ()] 0.0 0.5 Z 1.0 15 2.0
Wop = Pme
Pwmc
— a2 . ref
Pwmc t Pue =¥ V(‘/’)[b jf (a) [Saridakis CQG 30] 250



Extension 2: Quasi-dilaton massive gravity

)
2M?

p

Sye =M sjdélxw/_ g {Z + m;(L2+a3L3+a4L4)— g“vﬁﬂoﬁvo}

L,= 2—14([K]“ —6[K P[]+ 3[k>2] +8[k][K?]- 6[K4]) [K]=tr(K;})

K¢ =5t —ef "\, (4)0,8°0 &5
T \/ A b \

quasi-dilaton fiducial metric Stiickelberg fields

[D’Amico, Gabadadze, Hui, Pirtskhalava PRD 87]
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Extension 2: Quasi-dilaton massive gravity

Physical metric: flat FRW:  ds® = dt® —a?(t)s;dx'dx’
Fiducial metric: Minkowski: f,, =17,
Stiickelberg scalars: #° =b(t), ¢' =X

:>3M§H2 :pm +pr +pDE

@ .7 24n2
PpE :El/l _3Mpmg (2+a3+a4)—
1.0 | T 1
i Q,, ]
0.8 Q, :
0.6 ] .
04| 1 04 7 WDE
[ Qpg 1 —0.6
0.2 J ] -08 /
0.0 =TT T ] o E
Log,, [1+z] Log,, [1+2]

[ Gannouji, Hossain, Sami, Saridakis PRD 87] 252



Observational constraints on quasi-dilaton massive gravity

= Use observational data (SNIa, BAO, CMB) to constrain the parameters of
the theory. We fit Lo :L2peo .My, 0,05,

034 ~ T T T T T T T T T -
034 i -
032 0.32 i
030 0.30
g E
& 0.28 & 028
0.26 0.26
0.24 0.24
0.22 ‘ ‘ ‘ ‘ E — -
0.43 0.44 0.45 0.46 0.47 0220 . . . L -
-0.2 0.0 0.2 0.4
m / H, 034] ‘ ‘ ‘ 5 034f
w
0321
030
g 028]
026 1
oadl 1 oml { [Gannouji, Hossain, Sami, Saridakis PRD 87]
0220 . . . r 0224 . . . r
=100 -50 0 50 100 =100 =50 0 50 100 253



Extension 3: F(R) nonlinear massive gravity

S=M §Id4X1/— g[F(R) + mS(L2+a3L3+a4L4):|

2
! f
UV modification IR modification
where
=2 (P -[x?)
L~ (kP -3k 2l
L,= 2—14([K]“ —6[K P[]+ 3[k>2] +8[K]K?]- 6[K4]) [K]=tr(K})

K“ =8 —g“"t,,(4)0,4°0 ¢

[Cai, Duplessis, Saridakis PRD 90a] [Cai, Saridakis PRD 90b]
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Extension 3: F(R) nonlinear massive gravity

= Einstein frame: 9., = 8., =0, with o -F, exp[\Enf]

S = J.d x\/i{ —+M oM (L2+a3E3+a4

C.)

1.
——9“5 @0, —U(9)

|

,RF, —F

with U(p)=M ésg

Hamiltonian constraint analysis: the BD ghost is removed similar to usual

nonlinear massive gravity

Much more general than other massive gravity extensions.

[Cai, Duplessis, Saridakis PRD 90a]

[Cai, Saridakis PRD 90b]
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Cosmology of F(R) nonlinear massive gravity

= Physical metric: open FRW: gs2 — _N2gt? + az(t){dxz +dy? +dz? —
Fiducial metric: Minkowski: fab = 77ap
Stiickelberg scalars: #° = b1+ [K|OC +y* +2°), ¢'=[[Kp®)x’

|K|(xdx + ydy + zdz )’
l+|K|(x2 +y?+2?)

= Variation wrt b provides the constraint equation with solution: % = const.

22 m MG T LPF,

3M§[H2
2
pMG T mgCi

[RFR—F

PoeE = Pmc T Pk,

pe. =M; —SHRFR{]

= Both IR and UV gravity modifications play a role in universe evolution.
= Huge capabilities.

[Cai, Duplessis, Saridakis PRD 90a] [Cai, Saridakis PRD 90b]
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Cosmology of F(R) nonlinear massive gravity

_ S B2

2
P
0%/ . N=60 1.0
Y A / ___________________________ ]
10 R4 N=50 0.8
0% 0.6-
0.4-
1071~ - -
t 3.0x10° 0.0

= Early times: F(R) sector drives inflation

s Late times: MG sector drives late-time acceleration
[Cai, Duplessis, Saridakis PRD 90a]
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Cosmology of F(R) nonlinear massive gravity

« 2) F(R)= R—,BRS[l—est

0.0 | 0.5 | 1.0 =00 | 0.5 | 1.0

s Both F(R) sector and MG sector constitute Dark Energy #oe = Puc + Pk,

=  WpE can lie in the phantom regime.
[Cai, Saridakis PRD 90b]
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Cosmology of F(R) nonlinear massive gravity

= 3) F(R):R—zR{1—[1+§—jj}

C

UQJ 0.0—: " 0_0_'
a ]

; -0.4—_ ; -0.4-
-0.8—_ -0.8:

-1'2 T j T ) ! ) '12 | T T T T T
0.0 0.5 1.0 0.0 0.5 1.0
0.8- 0.8-

LIJ | — DE
o) 0.4- \ B

00 05 _ 10 Y Y,

s Both F(R) sector and MG sector constitute Dark Energy #oe = Puc + Pk,

=  WpE can lie in the phantom regime.
[Cai, Saridakis PRD 90b]
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Cosmological Perturbations

~

S =jd4X\/—§{M§§+M5m (L2+a3L3+a4 )__guva @0, — U((”)}

_ 1
oo = —2N>¢, 5, = Nad;B, &G = az[Zyinl//+(ViV =37 ViV HE Sp

Integrate out non-dynamical dof's ¢, B, E

Since ¢ is non-dynamical at the linear level on the self-accelerating PW
solution, we introduce the Bardeen potential y, and Mukkanov-Sasaki variable |Q = o@ +-——+

H
. . k2 1 a3 ° 2m2Y k2 H@
= Q +3HQ, +| - +U, ——(—csz Q=—22Q, — (cb—— Wy
a® " MZa’(H 30 a’H? H
GR + scalar MG contribution

o {(Q (3, &) < O = Stability!

[Cai, Duplessis, Saridakis PRD 90a] [Cai, Saridakis PRD 90b] 260



Status of massive gravity

= i) Massive gravity is a reasonable modification to describe acceleration.
= ii) The simplest linear model has the vDVZ discontinuity.
= iii) Non-linearities cure it but bring the BD ghost.

= iv) New nonlinear MG uses suitable graviton self-interactions in order to
be free of BD ghosts and vDVZ discontinuity.

= V) But simple FRW cosmology is impossible (cosmological instabilities).
= Vi) One should go to anisotropic geometry.

= Vii) Or other extensions: Varying mass massive gravity, quasi-dilaton
massive gravity.

= Viii) F(R) nonlinear massive gravity is the most promising. It is free of
BD ghost and vDVZ discontinuity. It exhibits good and rich cosmology,
free of instabilities!

Re-parametrization of our ignorance? (instead to explain why A is small, we
have to explain why m, Is small). 261



An Interesting possibility:
Horava-Lifshitz gravity



An Interesting possibility: Horava-Lifshitz gravity

Horava-Lifshitz gravity: power-counting renormalizable,
UV complete

IR fixed point: General Relativity

Good UV behavior: Anisotropic, Lifshitz scaling between
time and space

[Horava, PRD 79]

Theoretical and conceptual problems (instabilities etc)?
Open subject.
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Horava-Lifshitz gravity

ds® = —Ndt* + g, (dx' + N'det |dx’ + N’ dt)

> t—>0t, x' >

S, = _“dtd3x1/gN{ (K, K7 —AK?)

K
2 2 ijk 2 2

K y K HE K~
* 2w T - 2w2\/§ RZVJ'RIi + R, R"
7’ 1—44 . 2:| _
+ R> + AR —3A _
8(1—3.1) [ 1 ¥ (detailed-balanced)
1. o
Ky :ﬁ(gij ~V,N,-V,N,)  (extrinsic curvature)
o' =2 v [k ~Lrs
Je U4 (Cotton tensor) 264



Horava-Lifshitz cosmology

« Cosmological framework:

N=1, g, zaz(t)y/l.j , N'=0
ydx'dx’ =

1—kr

2
dr +72dQ

2

2
2

Friedmann Equations (under detailed balance):

2

3’(2#2/(2 3K2IL[2A2

='<_2[pM . 4
6(31—1) 83A—Da* 8(3i-1)

)_ KNk

8GBA—-1)* a®
2 2. 212 2 2422 4 2
H+§H2:— K'_ - K,u_k 4_3]('/1_/\ 3 lc,u_Azi2
2 4(31-1) 8BA-Da" 8(BA-1)) 16(3A-1)"a

Effective dark energy:

Ppe =

Ppr =

3K2ﬂ2k2 +3K2#2A2
8(3A—-Da* 8BA-1
K_z/uzkz _31(’2/,{2A2
83A—-1Da* 83BA-1)

= Ppe +3H(Ppe + ppp) =0

[Leon, Saridakis, JCAP 0911]

(projectability)

2

G= d
167(3A—-1)
K e A _,
8(3A—1)>



QUANTUM
GRAVITY?



Maxwell Theory

Field strength tensor:
Fip = 8,4/, —8,A,
Maxwell action (in vacuum):

1 4 v
S:—Z/dXFI_“/Fu

Gauge invariance: A, — A, + 9 /A



Canonical Quantization of Electromagnetism

Fix gauge: Lorenz gauge 0MA, =
Canonical variables: A;, ' = —F0

Equal-time commutation:

[Ai(%, 1), 7 (¥, )] = i883(X — )



Mode Expansion and Fock Space

Plane-wave expansion:

2

d3k e
A, o= / e € (k)ag e + hc
A=1

Photon Fock space from creation/annihilation operators a}%)\



Path Integral Quantization

Partition function:
7 = / DA, e°A

Gauge fixing (Faddeev—Popov):
Z = / DA,S(0"A,) det(9?) A

Perturbation theory around free field



Quantum Electrodynamics

Lagrangian:
- K 4 o (A

Gauge invariance under U(1) symmetry

Renormalizable: divergences controlled by finite number of
counterterms



What i1s Renormalization?

Loop diagrams in QFT lead to UV divergences:

/d4k—>oo

Renormalization introduces counterterms to absorb infinities:
L:bare = Eren + 0L
Redefine mass, charge, and fields:

eo = Zee, Mg =Znym



Why Renormalization Works in QED

Gauge invariance tightly constrains divergences
Only a few divergent structures = finite number of counterterms
QED is renormalizable in 4D: predictive theory at all scales

Beta function governs running coupling:

d
pge=B(e)



Why QED Works

Free theory: linear equations, stable vacuum
Interactions weak (fine-structure constant o ~ 1/137)
Perturbative expansion converges well

Renormalizability ensures predictivity



General Relativity: A Geometric Theory

Einstein—Hilbert action:

1

s = 167G

/d4x\/—gR
Field equations (second order, non-linear):
G =8nGT,,

Diffeomorphism invariance: coordinate-free structure



Attempting Canonical Quantization

ADM variables: h;;, 7/ on spatial slice

Constraints:

Ho=0, Hi=
Wheeler—-DeWitt equation:

HW[h;] =0

Problems: No clear time evolution, operator ordering ambiguity



Path Integral Approach to Gravity

Formal analogy:
/ = /Dg/ﬂ/ eiS[g]

Problem: S[g] is not bounded below = non-convergent integral

Gauge fixing is far more complex (diffeomorphism group)



Gravity is Non-Renormalizable

Graviton propagator from expansion g, = M + huy
Interaction terms grow with energy
Perturbative loop corrections diverge badly

Requires infinite counterterms = no predictivity



Why Renormalization Fails in Gravity

Newton's constant G has dimension [G] = (mass)_2

Higher loops generate new divergences (e.g. R?, R, R*", etc.)
Cannot absorb into finite set of parameters

Theory is only valid as low-energy effective field theory



Can General Relativity be quantized?




COSMOLOGICAL CONSTANT
PROBLEM

E, ~ (n+1/2)hw(k)



Why Quantizing Gravity Fails (Perturbatively)

Gravity is inherently non-linear and self-couples
Coupling constant G has negative mass dimension
Quantum fluctuations of spacetime have no fixed background

Problem of time: no absolute time in GR



EM: linear, gauge theory, perturbatively renormalizable
GR: geometric, diffeomorphism invariant, non-renormalizable
Canonical and path integral methods fail in gravity

Non-perturbative approaches: LQG, string theory, asymptotic safety



Why Quantize Gravity?

Incompatibility of General Relativity (GR) and Quantum Field Theory
(QFT)

Black hole entropy and evaporation demand a quantum description

GR breaks down at singularities: need UV completion



The Hamiltonian Formulation of GR

Einstein-Hilbert action:

1

> = 160G

/d4x\/—_gR
ADM decomposition:

ds? = —N?dt? + h;i(dx' + N'dt)(dx) + N dt)
Canonical momentum:

. oL

7TU — —
Sy



Constraints and Wheeler-DeWitt Equation

Hamiltonian constraint:

Bf o

i} 1
(7r’f7r,-j — §7r2> —VhR =0

Si=

Momentum constraint:
Hi=—2Vml =0

Quantization:
HW[hij] =0



Motivation for LQG

Non-perturbative, background-independent quantization of GR
Reformulates GR as SU(2) gauge theory using Ashtekar variables

Avoids UV divergences of perturbative quantum gravity



Ashtekar Variables

Canonical pair:

Al =T} +9K]

a

E? = densitized triad, det(E7) =h
Poisson bracket:

{AL(x), EP(y)} = 8mGyd26/8°(x — y)



Spin Networks and Kinematical Hilbert Space

Quantum states are functions of holonomies: W[A| = ¢(h,[A])
Spin networks: eigenstates of geometric operators

Nodes: intertwiner labels; edges: SU(2) representations



Geometric Operators in LQG

Area operator:

A(S) = 8rylp Z Vil + 1)

Volume operator:

1 .

d3x



Semi-Classical Limit of LQG

Coherent states: peaked around classical geometry

Use of expectation values:
<WIO|‘U> ~ Oclassical

Recover GR in the large spin limit j > 1



Basic Ideas of String Theory

Strings replace particles:
XH(o,7): worldsheet — spacetime

Vibrational modes = mass spectrum

Graviton arises as a closed string excitation



String Actions

Polyakov action:

T
S = g / d’ov —hhabaaxuabxug/w

Conformal invariance = conditions on g,



Quantization and Low Energy Limit

Quantize X*: oscillator modes

Low energy effective action:

1

1
5=y /dlox\/—e (R+4(v¢) —EHQ



From Strings to GR

String theory defines scattering amplitudes A

Low-energy limit gives effective action:
4 L
Seff = [ d"x/—g §MPR+...

GR emerges as leading term in derivative expansion



Supersymmetry and Supergravity

Local supersymmetry = supergravity
String theory low-energy limit matches 10D SUGRA
Compactification = 4D N=1 SUGRA + matter



Compactification and Extra Dimensions

Extra dimensions compactified on Calabi-Yau 3-folds

Metric ansatz:
ds® = g, dx"dx” + gmn(y)dy™dy"

Moduli determine low-energy couplings



Branes and Gauge/Gravity Duality

D-branes support open strings: gauge fields
Closed strings propagate in bulk: gravity
AdS /CFT:

String theory on AdSs x S° < N =4 SU(N) SYM



Summary and Challenges

Canonical QG: conceptual problems (e.g., time, observables)

LQG: robust kinematics, but dynamics and low-energy limit
challenging

Strings: UV complete, unifying, but needs compactification

Goal: recover classical GR in effective limit



TORSIONAL
GRAVITY



“Those that do not know geometry are not allowed to enter”.
Front Door of Plato’s Academy




Descriptions of Gravity

= Einstein 1916: General Relativity:
energy-momentum source of spacetime Curvature
Levi-Civita connection: Zero Torsion

= Einstein 1928: Teleparallel Equivalent of GR:
Weitzenbock connection: Zero Curvature

[Cai, Capozziello, De Laurentis, Saridakis, Rept.Prog.Phys. 79]

302
E.N.Saridakis — Heildeberg, Nov. 202C



1
{;:fj} — é.ga,\(gﬁlf,pﬂ + g;.i-}t,u — gp{.u,)\)- (13)

The corresponding covariant derivative will be denoted by D so that we will have D,g,, = 0.
A general connection I'*,,, then admits the following convenient decomposition:

Fa,u..u - {ﬁau} + Ku,uu + La,u..u (14)
with

1 ¥ Y ¥ o
K* =-T% +T LY, =5Q% — Q" ) (1.5)

The rotation of a vector transported along a closed
curve is given by the curvature: General Relativity.

NI

ng

}' QC([J.L‘

.
-

The non-closure of parallelograms formed when two The variation of the length of a vector as it is
vectors are transported along each other is given by the  transported is given by the non-metricity:
torsion: Teleparallel Equivalent of General Relativity. Symmetric Teleparallel Equivalent of General Relativity.



Metric-Affine Modified Gravity

Riemann
Lo
Riemann-Cartan gvu"=°' torsion free
Qopr =10 T2 =0 T =0
Minkowski
% = syvmmetric
Weitzenbock p
o teleparallel
Q =1, ey
s
A= 1;"}. e =0
teleparallel
R” ppuse=0

FIG. 1. Subclasses of metric-affine geometry, depending on
the properties of connection.

1 v £ X A —— 4
SGR, — m/‘{g# R;u; -+ )\f’lt; T;.r.ul —+ )\‘E‘;’; Q,u.u.l} _.gd €,

S‘cﬂtal - SGR -+ Smat.ter >

E.N.Saridakis — Heildeberg, Nov. 202C



Curvature and Torsion

The dynamical variables in torsional formulation of
gravity are the vielbein field e,(z*), and the connection
1-forms w? (x#) which defines the parallel transportation.
In terms of coordinates, they can be expressed in com-
ponents as e, = e,/"d, and w’, = w“b“dm“ = w"_.e. The
dual vielbein is defined as e® = e dx*. One can express
the commutation relations of the vielbein as

[em Eb} = C%pec (1)

where C'°,, are the structure coefficients functions given

by

Cﬂc[b - eﬂpebu(ﬁﬂp,u o ecu,p) 3 (2)



and comma denotes differentiation.
One can now define the torsion tensor, expressed in
tangent components as

P . P oL L
A be Lt ret I L be: T C e 9 (3)
and in “mixed” ones as

L . L L L & L b
e, =e*, ,, — e’ twh, e’ —w e’ . (4)

Similarly, one can define the curvature tensor as

LS

cr _ cr cr e cr e = cr
R bed — bed, e L b, o + w bd®W e — W opeW e C’ cd“ be

[
[

Rﬂbyu — mﬂbu,ﬁ - wﬂbp,u —+ wﬂﬁpm b T mﬂr:uwcbp - {5)
Thus, as one can see from (4) and (5}, although the tor-
sion tensor depends on both the wvielbein and the con-
nection, that is T‘Ly{e““,m“b“), the curvature tensor de-
pends only on the connection, namely R“b“y (Wﬂh“)*
Additionally, there is an independent object which
is the metric tensor g. This allows us to make the
vielbein orthonormal g(e,.e;) = 1Map, wWhere n,;, =

diag(—1,1,...1), and we have the relation

Yy — Tab eﬂy, Ebu* (6)



Curvature and Torsion

Vierbeinse, : four linearly independent fields in the tangent space
9,.,(X) =175 €,(X) €(X)

Connection: @,g.

A A A A C A C
Curvature tensor: Rg,, = @3, , — @G, , + 0,05, — O, 0%,

TA

Torsion tensor:

Y7,

v

A A
€€ T

A B

g

,UeV

A AB

- a)BVe

7,
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Curvature and Torsion

Vierbeinse, : four linearly independent fields in the tangent space
9,.,(X) =175 €,(X) €(X)

Connection: @,g.

Curvature tensor: Rg,, =, , — @5, , + @508, — 05,05,

Torsion tensor: T, =e, —el +af e’ —we;

L evi-Civita connection and Contortion tensor: @asc = I'agc + Kage

1
KABC = E (TCAB - TBCA - TABC ): - KBAC

Curvature and Torsion Scalars: |R = ﬁ + 1 — Z(TVW )

1 1
R=g"R,, =g"R’, T= T T 4 T T, ~ T,
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Additional motivation

= Gauge Principle: global symmetries replaced by
local ones:

The group generators give rise to the compensating
fields

It works perfect for the standard model of strong,
weak and E/M interactions

SU(3) x SU(2) x U(1)
= Can we apply this to gravity?
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Additional motivation

= Formulating the gauge theory of gravity
(mainly after 1960):
= Start from Special Relativity
—> Apply (Weyl-Yang-Mills) gauge principle to its Poincarée-
group symmetries
—> Get Poinaré gauge theory:
Both curvature and torsion appear as field strengths

= [orsion is the field strength of the translational group
(Teleparallel and Einstein-Cartan theories are subcases of Poincaré theory)
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Additional motivation

= One could extend the gravity gauge group (SUSY,
conformal, scale, metric affine transformations)

obtaining SUGRA, conformal, Weyl, metric affine
gauge theories of gravity

= In all of them torsion is always related to the gauge
structure.

= Thus, a possible way towards gravity quantization
would need to bring torsion into gravity description.
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Additional motivation

s 1998: Universe acceleration
—>Thousands of work in Modified Gravity

(f(R), Gauss-Bonnet, Lovelock, nonminimal scalar coupling,
nonminimal derivative coupling, Galileons, Hordenski, massive etc)

= Almost all in the curvature-based formulation of gravity
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Additional motivation

s 1998: Universe acceleration
—>Thousands of work in Modified Gravity

(f(R), Gauss-Bonnet, Lovelock, nonminimal scalar coupling,
nonminimal derivative coupling, Galileons, Hordenski, massive etc)

= Almost all in the curvature-based formulation of gravity

= S0 question: Can we modify gravity starting from its
torsion-based formulation?

torsion —  gauge ? = quantization
modification = full theory ? = quantization
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Teleparallel Equivalent of General Relativity (TEGR)

Let’s start from the simplest tosion-based gravity formulation,
namely TEGR:

Vierbeins e# : four linearly independent fields in the tangent space
A B
g,uv(x) — 77AB e,u (X) ev (X)
Use curvature-less Weitzenbock connection instead of torsion-less
- - A A A
Levi-Civita one: T =€d,8;
Torsion tensor:
A 7A{W} AW} A4 A A
TW = FW —FW = eA(aﬂeV —aveﬂ)
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Teleparallel Equivalent of General Relativity (TEGR)

Let’s start from the simplest tosion-based gravity formulation,
namely TEGR:

Vierbeins e# : four linearly independent fields in the tangent space
A B
g,uv(x) — 77AB e,u (X) ev (X)
Use curvature-less Weitzenbock connection instead of torsion-less
- - A A A
Levi-Civita one: T =€d,8;
Torsion tensor:
A 7A{W} AW} A4 A A
TW = FW —FW = eA(aﬂeV —aveﬂ)

Lagrangian (imposing coordinate, Lorentz, parity invariance, and up to 2" order
in torsion tensor)

1. 1_ ., | ™ Completely equivalent with
L=T= ZT T * ET Top = Tou T, GR at the level of equations
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f(T) Gravity and f(T) Cosmology

f(T) Gravity: Simplest torsion-based modified gravity

Generalize T to f(T) (inspired by f(R))

1
162G

Equations of motion:

S =

jd“x e [T+ f(T)]+S,

e'o, (eeﬁSij)(1+ f)— exT /S +eRS4"0 (T) fr — % ex[T + f(T)]=42Ge T, "™
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f(T) Gravity and f(T) Cosmology

f(T) Gravity: Simplest torsion-based modified gravity

Generalize T to f(T) (inspired by f(R))

1
162G

Equations of motion:

S = J'd4xe[T+f(T)]+Sm

e—la# (eeﬁsg‘”)(l+ f; )— ef\TﬂpﬂS/j” +e3S570 ,(T) Ty —%e;ﬂ' + f(T)]= 47zGe§TpV{EM}
f(T) Cosmology: Apply in FRW geometry:
el =diag(la,a,a) = ds?=dt*> —a®(t)s;dx'dx’ (notunique choice)

Friedmann equations:

sz%pm_%_zfﬂ_p = Find easily
ey ) T ——6H?
P+ P

1+ fp —12HZ
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f(T) Cosmology: Background

= Effective Dark Energy sector:

_ 3 [ S, Th
PPE= g Gn |76 3 |’
P 1 [f — fTT+2T2fTT]
PE=16rGn | 1+ fr + 2T frr
W — f—Tf, +2T°f .
°t [+ f, + 2T [ f —2TF ] [Linder PRD 82]

= Interesting cosmological behavior: Late-time acceleration, Inflation

etc
[Cai, Capozziello, De Laurentis, Saridakis, Rept.Prog.Phys. 79]
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f(T) Cosmology: Background

= Re-write Firedmann Equation as:

E?(z,t) = Qmo(1 + 2)° + Qo(1 + 2)* + Qroy(z, 1)

with E2(z) = H;(f) — T(Tz)
0
1 i 1

and Qpo=1— Q50— 0,

quantifies the deviation from ACDM
(for f=const. we obtain ACDM)
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f(T) Cosmology:

For scalar perturbations:

— 21+ , €

R )

= ds =(1+2p)df —a*(1—2¢)5 dXdX

Obtain Perturbation Equations.

0+ 2H6 — AnGeg pd =~ 0

Qa) = 4

1

Gy 1+ fr

[Chen, Dent, Dutta, Saridakis PRD 83], [Dent,

Dutta, Saridakis JCAP 1101]

Perturbations

E

&

em
6T o" = —dpm
em i 2 N
8T o' = a “(pm + pm)(—0idu)
em
(F’m + pm)(iﬁ,géu)

8T °
oT,J = 8ij0pm + 80575,

= (L+f5)(V?) +6(1+ fo)H
+6(1+ fo)H>» —3f]H?
Ti+h
4
(1+ f)dich+ (1 + fo) A
12H I fldip = —47G (pm + pm)Dsdu,
= 1202084 (d+ HY) [y — (1 + fo)0:8%(d + Hp)
= 47C(pm + pm)Pidybu,

AnGopm,

i e .fi’ 2 _ fl 2
H a = = f—
o - ( 3T ) (1211 n)
1+ fh
LI 5 s — o)
b#a
_¢(T+f) Thi+h
4a 4a

(1 ' f“ — Y [6H¢+ 6H%p — 3H?9

+¢ + H(2¢ — ¢) + H]

" .
f“( 24HHé — 48¢H?H — 12H%%

1211%) + 12H%116)

4rG ,
= T(pﬂl¢ + pm),

Bweat? = 0,500 - )

i

= /11r("a ; é’ﬁ'r)“ 5
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Viable f(T) models

= 1) Power-law model (f1CDM)

f(T) = a(=T)Y o= (@EH)" 2

Gn

6250
1+ aopy e

y(z,b) = E**(2,b) Gesi(z) =
= 2) The Linder model (f2CDM)

Qpo
—p/T/T. _
f(T) = alo(1 — e ?VIT)  a=—pris
1 —(1+ pE)e ?E Gt (z) = GN
y(z,p) = — eff\Z) = Qpop e—PE
1—(1+ple? L+ 5= (rp)e]
= 3) The exponential model (f3CDM)
_ _ _—pT /Ty o Qpo
f(T) &Tﬂ(l € ) TTI1C (1+2p)e—P
1—(1+2pE?)ePF B GN
y(z?p) — 1 (1 n 2}?)(3_;0 Ge[f(z) — 14 Qrop e—PE2
1—(1+2p)e—r 321

[Nesseris. Basilakos, Saridakis. Perivolaropoulos, PRD 88]



= Power-law (FICDM):  £(T") = o(—T)"

Viable f(T) models

. _p» ro
a=(6H3) th— ]

;58 Parameter best-fit  meant 1o 95% lower 95% upper
Qeamo  0.1806  0.1835'0916 0.1503 0.2179
F ) h 0.7292  0.72751001%  0.6945 0.7616
s \ i b 0.05536 0.0512810925  0.00622  0.09329
- /i N Qo 0.2306  0.2335%9-015  0.2003 0.2679
| ‘ ’ \ SNIa, BAO, CC
& o.zas , \ ‘
0.139 g_):::o 0.';}32 o,o-:;Jsas Oi_“;:z 0.301

[Nunes, Pan, Saridakis, JCAP 1608]

[Basilakos, Nesseris, Anagnostopoulos, Saridakis, 1803.09278]



Non-minimally coupled scalar-torsion theory

= In curvature-based gravity, apart from R+ f(R) one can use R+ &R¢"2
Let's do the same in torsion-based gravity:

S =_[d4x e [2-";

2

+2 (0,000 + ETP*) -V () + LmJ
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Non-minimally coupled scalar-torsion theory

In curvature-based gravity, apart from R+ f(R) one can use R+ Re"2
Let's do the same in torsion-based gravity:

s=[d'xe [212 +%(6#¢8”¢+§T¢2)—V(g0)+ Lm]

Friedmann equations in FRW universe:

2
H? :%(pm+pDE)

H :_%z(pm+pm+pDE+pDE) ¢2 ,
with effective Dark Energy sector: Poe = +V(9)—=3H"p

. 2

Poe =%—V(gp)+4§l—lgp¢+§(3H2 +2H )(pz

Different than non-minimal quintessence!

(no conformal transformationin the present case)
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Non-minimally coupled scalar-torsion theory

Main advantage: Dark Energy may lie in the phantom regime or/and
experience the phantom-divide crossing

Teleparallel Dark Energy:
-0.4-

-0.61

0
=

-0.8-

= 1 . O N -‘——____——————-—-—-

-1.2
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Non-minimally matter-torsion coupled theory

= In curvature-based gravity, one can use f(R)L, coupling
= Let’s do the same in torsion-based gravity:

1 [d*xe {r+ f(T)+[1+4 f,(T)] Lm}

257

S —
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Non-minimally matter-torsion coupled theory

In curvature-based gravity, one can use f(R)L, coupling
Let's do the same in torsion-based gravity:

S —

1
257

[d*xe {r+ f(T)+[+2 f,(T)] Lm}

Friedmann equations in FRW universe:

2
H? :%(pm_'_pDE)

. K2
H = _7(pm+ PntPOpet pDE)

with effective Dark Energy sector:

Poe = (pm + pm{

2K

1+ A(f, +12H2¥; )

A(f, +12H21) )

1+ f, —12H2f" —2x%3p,(f; —12Hf)" )

2x?

Different than non-minimal matter-curvature coupled theory

Ooe =—i2(f1+12H2f1' )+ Ap,,(f, +12H2f; )

}

— Ap,(f, +12H%¢) )

327



w(t)

Non-minimally matter-torsion coupled theory

= Interesting phenomenology

100" T 7
~0.9980 - [
I -1.05
—0.9985}
S 0k
L 3 r
~0.9990 |+
I 115
~09995 i
oo, T — Aok ]
20 25 0 5 10 15 20 25
t t
2 2 2
fl(T):_A"'OﬁT’ fz(T):ﬂJ fl(T):_A’ fz(T):a1T+ 1T
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Teleparallel Equivalent of Gauss-Bonnet and f(T,T_G) gravity

In curvature-based gravity, one can use higher-order invariants like
the Gauss-Bonnet one G =R?-4R R“'+R, R“"

LU VKA

Let's do the same in torsion-based gravity:
Similar to eR=—eT +2(eT“), we construct G =eT, +tot.diverg with
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Teleparallel Equivalent of Gauss-Bonnet and f(T,T_G) gravity

= In curvature-based gravity, one can use higher-order invariants like
the Gauss-Bonnet one G=R*-4R, R* +R,,, R**

= Let's do the same in torsion-based gravity:
s Similarto eR=—-eT +2(eTVV“), we construct eG =eT, +totdiverg with

T, = (K2 KKK ~ 2K KEK K[ + 2K K3 KK, + 42K K5K K/, )6,
= f(T,T;) gravity:
1 4
S _?jd xe T+ f(T,T.)}+S,

= Differentfrom f(R,G)and f(T) gravities
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Teleparallel Equivalent of Gauss-Bonnet and f(T,T_G) gravity

= Cosmological application:

1 2 3f
P =—5 5| —12H7Fr —Tof;, +24H°f, |
Poe = ——| f —a(H1+3H2)f, —4Hf, —T_f, +—=T.f,_+8H?f
2172 T T 6T gy ¢ To
107 0.8-
0 O
— 0.6
N |
o~ 0.4
107
-0.6 1
w -0.8
o
. = .10
1 B T
0 200 1.2

FTT) =T +o,T Ty

0.2 T

T =6H’
T, = 24H2(H + H?)

- Qpe
0.0 0.2 0.4 0.6 0.8
Y 0.2 0.4 0.6 0.8
Z

f(T.Te) =BT +BTs
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Torsional Gravity with higher derivatives

S :2—11(2J'd4x e F(T,(VT)%,0T )+ S, (€%, %,)
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Torsional Modified Gravity

f(T,B,T{;,B{;,ﬂ

f=f(-T +M o FBT [ = (T, Te)
7RG £ B.T) F(T.Ta)
f=1 ’Mﬂ/ f= 1T
J=1(R) F(R,T) JF=J,B) ST, T) I=J)
f/ f=1(T)
() [=711+0 H(T, B) [=70 J(T)

\

[Bahamobde, Bohmer, EPIC 76]
GR & TEGR



Scalar-torsion theories — Teleparallel Horndeski

1

S vap
T 6E#UGPT 1

(l

o T
Vp =T%,

1 1
to'p,u = E (To'p,u + T;.w’u) + g (guo'wp + gupvo')

1
Te = ¥ = = (T T = 2T TH)
T\-’L“L‘. - ’U,_,L’U'“ - TG—G'[_LTP PP'*

oY 1 oY o 1 o
thu = to’put HY = E (TG',L-LUT Y + TF{:’,{..LUEH-IL ) - ET o';_.',Tp P#’

3 2 2
T: _Tﬂ{ _Tgn_ _T‘JEC'
5 + 3l 3

Iy = tﬁug@;#é;r—f@;ﬁ ;
12 = Uﬁ(b;pa

173 = (IF(;?');P .

Ji = a"a" ¢, 0.,

J2 = v" o0,

J3 = v, 17" )., b,y

Ji = vt o

Js = tgwtaﬁuﬁb;#ﬁb;ﬁa

Jo = 7"t b ud b adw

Jr =t b dia i

Js = 17", b,

Jo = 7T b0 Do i

_ vyiopo o
rjrll'] — '-C-'uupo'a' ter @;p@;u .

""-(:'l“elu — G'l“ﬂlﬂ(ﬁi)ﬁ X‘J T'.l i‘i]‘['} T\-’L“Eﬁ IE-_. Jlﬁ J: ; J: y J| ; J; . Jlﬂ)'.n
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Lrae =10

R and TEGH are equivalent at
the level af their field equations

Cubie Teleparallel G4 =0 = 0. 0me = FIg)T £ran 70 Conformal
[+ ; Teleparaliel [+1]
o |2
= T & E L
o 3 e L
PRy ” . }gl‘- - 5 o ;ﬁ‘
G S Sl .
o 2 1L 6
{-.1 \& i oo :-‘..‘ i ‘?\ ¥
y 2 5
MNaon-minimally
Kinetic Telepar- conplings =
allel [47, 52] between ¢ and ST, T, Toee) [1]
Tand B[] =
Sa
o o L e
I F Il * o
o i Figl=1 = g
o) © = y
= E
% 2
Couplings Canplings L
with T [41] with B [1] F(T) [23, 83]
L A
2 QQ(-\ .1”1I
(£ . f=T il
T g =, ) K
" 1 o ah
TEGR

FIG:. 1 Relationzhip between Teleparallel Homdeski and varions theories. 335



Growth-index constraints on f(T) gravity

i S ) : d Ing,
= Perturbations: & +2Ho% =47 adn | clustering growth rate:  — rna = (a)
. 1
= V(2): Growth index. G "L rm
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Growth-index constraints on f(T) gravity

d Ino,

= Perturbations: é.+2H8,=4G4 p.6, | clustering growth rate: Tina - @
1
. ; G. =
= Y(2): Growth index. Gu =1 0
: - A+Tg “ ] o P+l
. - A+ : { [L#F_”;}#?T%“- ..“ -- B+
_ A+ F e ] 1 1| A
: — ACDM . | F —  ACDM
R o2 o4 e o8 50 0.2 04 0.6 o8

= Viable f(T) models are practically indistinguishablé from ACDM.
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Viable f(T) models

110 110
I I
1.05 105
N N
% 1.00 % 1.00
H ] (]
095 095
] 0.90 0.90
00 02 04 06 08 1.0 12 1.4 00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
z z rd
1.10 1.10 1.10
Ve I r
1.05 | 1.05 105
= = N
= 1.00 — . H1.00 T 1.00 j—
S I S
0.95 0.95 0.95
0.99 ] 0.90 0.90
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14
z z z
1.10 — 1.10 - 110 -
I'y : I I
| 1.05 105
N N
% 1.00 % 1.00
S S
0.95 0.95
i 0.90 90
00 02 04 06 08 10 12 14 00 02 04 06 08 10 12 14 0.0 02
r 4 z

affecting the background evolution.

04 06 08 10 12 14

z

f1CDM

f2CDM

f3CDM

In f(T) gravity we can indeed obtain G.g/Gy <1 for z<2, without

fo8 tension may be alleviated.

[Nesseris, Basilakos, Saridakis, Perivolaropoulos, PRD 88]
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Baryogenesis and BBN constraints on f(T) gravity

1 u
= Baryon-anti-baryon asymmetry through CP violating term: Wfd4x elo, f(T))s

2.5%10710

2.x10710 -

1.5x10710 -

ngfs

1.x10710F "~

5.x1071

(1] T T - - ——
4.70 4.75 4.80 4.85 4.90 4.95 5.00

= BBN constraints: °Ir _or Her
T p 10qTy

6T o Ff
0.0012 }
0.0010 | Z; =6 x 107*GeV
0.0008 |- Qo = 0.25
0.0006 |
47x107*

0.0004 |
0.0002 -
. ‘ : . . 340

04 0.6 0.8 1.0 P 12




Solar System constraints on f(T) gravity

= Apply the black hole solutions in Solar System:
= Assume corrections to TEGR of the form |f(T)=aT*+0(T")

— F(r)2 =1—2G'2|vI —Ar2+0{—6A——62 —4G|2VIA}
cr 3 r cr

= G(r)* =1- 262M A +0{8—A—2—§'—2A2r2— ZGZM (SA—%H
cr 3 r cr r
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Solar System constraints on f(T) gravity

Apply the black hole solutions in Solar System:
Assume corrections to TEGR of the form |[f(T)=aT?+0(T")

= F(r)’ =1—ZGZM —Ar2+a[—6A—%—4GIZVIA}
cr 3 r cr

= G(r)* =1- ZGZM ELYE P 8—1\—2—3'—2A2r2—262|vI (SA—%)
cr 3 3 r cr r

Use data from Solar Sys_tem orbital motions:
AU, ;) <6.2x107°

T<<1 so consistent
f(T) divergence from TEGR is very small
This was already known from cosmological observation constraints up to
0(10™"-107?)

With Solar System constraints, much more stringent bound. 1



f(Q) gravi

affine connection I'Y', can be decomposed as

pi
Riemann o o o o
u. pr_rpu-l_K,Lav-l_L,uu! (1)
Riemann-Cartan Qr"u”="' torsion free
Qﬂpv = '[‘A.‘..gu 'l"\‘”,, =) = ¥ * 0 - * -
where I'jj, is the Levi-Civita connection,
Minkowski 1
T = symmetric K® — _7« e 9
\\(-‘:t/.cubock Yeloparatiel (i 5% nv + (o v) ( )
\?'J“.‘:U‘ "'z';'"‘.‘,:D.
R ppv=0 X * * * *
T =0 is the contortion tensor with 7%/, the torsion tensor, and
teleparallel 1
or . o ox
R” ppse=0 L [T §Q L Q{.u, y} (3)

is the disformation tensor arising from the non-metricity

FIG. 1. Subclasses of metric-affine geometry, depending on
the properties of connection. Qu,u.u = vag,uu; (4)
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f(Q) gravity

A — T A
T Ly = I jrrr T I (AT
o £ a : o X a X ol
R Py — f};.i.]-_l g f}u]-_l ¥ + I ulﬂrl pley I Iu.p]-_l IJ.(IS)

while the nonmetricity can be expressed as

S ¥ ? ‘3 i}
Q,ﬁ-,u.u — v,ﬁ-g,u.y - f},ﬁ-g,u.y — I ppfge — I prud - (h)

1 o3y 1 v e 1 Cx 1 e
Q - _EQ“-ETQ a + 5@{1,37@"& + EQ&Q _ 5@{1@ 1

(7)
where Qu — Iu,u; and Qu = QF'HH .

ik L



f(Q) gravity

5 = -é [ dtev=ar(@) )

1 -
- {\/_gﬁuf(? |:_ Luy.ﬁ + gy.,ﬁ (Qfl Qfl)

v 4
1
_g (guy.Qﬁ + guﬁQ;.ﬂ.)] }
1 Lex 3 1 Lex gy 3 L3 yex
+ff? |:_§L.f g _ g (g.f QF + g""Q )

1 ~ 1
4 f:tﬂ (QH QFL)] Quuﬁ + §§ﬁf — TFL] (g)

with fo = 0f/0Q.



f(Q) cosmology

= Background:

o
thHE-ﬁf = Pm

r r |
(12Hfoq + fo)H = =5 (Pm +Pm).

Q = 6H,

(11)

(12)



—adp

f(Q) cosmology

s Perturbations:

6 (fo +12a7*H foq) H(He +¢) + 2fok™
~2 [fo+3a *foq (H' + H*)| HEB.  (19)

1. : 'L a2\ 2y
302 (0 +p)v=[fo +307 foq (M +H?)| Ho
+6a=? fooH?e' — 9a 2 foo (M — H?) Hyp

+fot' — a2 fooH?*k*B, (20)

+

(fo + 12a % fooH?) (He' + ") + {fQ (?—.{’ +2H* ?'cz) +12a * fooM? (4H' — H?)

[

. . ot 1 9
2| fo+6a""foq (3H' — H?) + 6&‘2%?{] He' + ﬁkaZw

Tl | b

. gy e 1 . . ol .
(fo +6a 2 fooM?®) K*B' — 3 {qu +3a % foq (5H — H?) + ﬁa“"%ﬂ] HE' B,

2 dfQq ., 3l
12 2— [s y
+12a I H | o

(21)



f(Q) cosmology

s Perturbations:

v r ﬁ
ﬁ=41+wn-wu-MB+3w)+mwa—~E)Am)
P

ap .
h. 23
+p+¢ (23)

v"=—?{(1-cﬁ]v+p

— fooH [2HE + (H'+ H*) ¢ + (H' — H?) (¥ — B')]

, . 1., .
- [qu (’H’z + HH" — 3H*H' — E’szz)

+%%%H—H%ﬂ3=m (24)
e
5+ HE = “}gﬂ 5. (30)
G
Gess = (31)

E ,
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f(Q) cosmology
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Testing GR and Modified Gravity

= Solar-System data

= Galaxy data

= Galaxy-cluster data

= Cosmological data (SNIa, BAO,CMB,CC, LSS)

= Early Universe (Inflation, Baryogenesis, BBN)

= Black-Hole-shadow data

= Gravitational-wave data (muiti-messenger astronomy)
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Cosmology-background

. . 2
Homogeneity and isotropy: d.ﬁ:_dtua?(t)( dr +-r2dn‘2)

1 — kr?

Background evolution (Friedmann equations) in flat space

oy
H? = 5~ (Pm + PDE)
H = —AnG (Pm + Pm + PDE + PDE) ,

(the effective DE sector can be either A or any possible modification)

One must obtain a H(z) and 2m(z) and wDE(z) in agreement with
observations (SNIa, BAO, CMB shift parameter, H(z) etc)
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Cosmology-perturbations

Perturbation evolution: & +2HS —4nG.spd~0 where 6§ = 6p/p
where G.g(2, k) is the effective Newton'’s constant, given by

V26 ~ AtGegp 6.

under the scalar metric perturbation ds* = —(1+ 2¢)dt* + a*(1 — 2¢)dz?

AV ‘ 2
Hence: & + ((H )1 ){m ?(1+z)H“ Goit(2, k) Qomd

2 H? 1+z 2 H? Gy
: _ dindo . B ~(a) ~ Qom a3
with f(a) = == the growth rate, with f(a) = Qu(a) and O, (a)=

H(a)2/H3

0g

One can define the observable: |fos(a) = f(a) - o(a) = 31 ° &'(a)

with o(a) = 755 the z-dependent rms fluctuations of the linear density field within spheres of

radius R = 8h~'Mpc, and o8 its value today.
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Black-hole shadow — EHT datasets

= In the center of M87, mass 7.000.000.000 Solar masses

6 = (42 + 3) parcsec,
M = (6.5 +0.9) x 10° My,
D = 16.8")5 Mpc,

Do
d‘.ng* EEE 11.0£1.5.

= Black-hole solutions -> effective potential -> photon sphere -> Black-hole shadow
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Gravitational waves

= The GWs are the tensor perturbations of the metric. Predicted in 1915, first
observed in 2015. First astronomical observation ever, not related to E/M (or neutrinos).

s GWs from mergers:

[Abbott et al, LIGO Virgo PRL 116]

lll'ii”i'i = O
/‘\:,‘

s Primordial GWSs:
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Gravitational waves

= GW150914: Two black holes with 36 J_ri Mo and 29 J_r: Mo, resulting in a 62 J_rj Mo black hole

Louisiana.
. T I I .
Wasl;i:gton Inspiral Merger Ring- Distance 410 ﬂgg Mpe
C4Kkm :
_ Redshift 0,093 t0.0%0
10‘_18m ¥~ -0.036

X

1.0 = Numerical relativity B
I Reconstructed (template)
T T | 1

- T T T T v
Soe6 |- 14 S
2 0.5 | — Black hole separation 43 o
g === Black hole relative velocity 42 B
© 0.4 F —
0] 11 8
> 03E | I ! Lo o

0.30 0.35 0.40 0.45

Time (s)

[Abbott et al, LIGO Virgo PRL 116]
2017 Nobel Price in Physics 355




Gravitational waves

GW170817: Two neutron stars, distance 40 Mpc, redshift 0.0099
GRB170817A: The Electromagnetic counterpart.

Gamma rays, 50 to 300 keV GRB 170817A

Fermi ]
Reported 16 seconds L2y

after detection "4

LIGO-Virgo

Reported 27 minutes after detection

|NTEG RAL Gamma rays, 100 keV and higher GRB 170817A

Reported 66 minutes © 120000/
after detection S [

The era of multi-messenger astronomy begins!
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Gravitational waves

= In case of GWs from black hole mergers we know their properties at the
moment of detection, and their direction (in case of three detectors).
Assuming GR and ACDM we can extract their speed, distance, and properties
at the moment of emission.
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Gravitational waves

In case of GWs from black hole mergers we know their properties at the
moment of detection, and their direction (in case of three detectors).
Assuming GR and ACDM we can extract their speed, distance, and properties
at the moment of emission.

In case of GWs from neutron star mergers, and their E/M counterpart, we
know their properties at the moment of detection and their direction, but
using the implied physics from the E/M information we can extract their
speed, distance and properties at the moment of emission, independently of
the underlying gravitational theory and cosmological scenario.

Great tool for testing General Relativity and cosmological scenarios!
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Horndeski

Gravitational waves

An immediate result: The speed of GWs is eq

al to the speed of light!

3.0 < cg/c—1<T- 10716

D
GW170817 time delay 1.74 + 0.05s constrains:
= Excludes a large number of theories that were consistent with other data!
cg=c cg # €
i General Relativity 1 quartic/quintic Galileons [13, [14]

quintessence/k-essence [46]

Brans-Dicke/ f(R) [47, 48]
Kinetic Gravity Braiding [50]

Fab Four [15]
de Sitter Horndeski [49]
Guv¢"¢” [B1], f(¢)-Gauss-Bonnet [52]

beyond H.

Derivative Conformal lE' (1|

Disformal Tuning ||
quadratic DHOST with A; =0

quartic/quintic GLPV [18§]
quadratic DHOST [20] with A; # 0
cubic DHOST [23]

Viable after GW170817

Non-viable after GW170817

[Ezquiaga, Zumalacarregui PRL 119]

ar =0, ay =035

— ar=0, ay =0.28
—_— ar =0, ay =0.19
—_— ar =0, ay =0.09
—— vGal 5 (CMB+BAO)
0

z

0.0 0.5 1. 15 2.0
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Gravitational waves

. goo = —1 y  Goi = 0 7
= For tensor perturbations: , 1
gij = a (51'3' + hz‘.j + Ehikhkj)

k?

}}*ij < (3 + flm)filij + (1 + HT)Eh‘ij =0

_ dlog(M?2)

M = dlog a ﬂg - (1 + (IT)

h o~ h F—% [vHdn oik I[HT-I—ﬂzmgﬁszJUzdn
[ ] ’Gw JGR - -
N, e’ W /

Affects amplitude Affects phase
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Gravitational waves

s Polarizations:

Gravitational Wave Polarizations

T
o} o] —

" Tensor + Scalar T Vector 1

Tensor x Scalar L Vector 2

—wt=0,m - wt =72 - wit = 3m/2
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Gravitational waves in modified gravity

= Gw’s propagation at cosmological scales: p = ¢~ Pe—ikAT}p, .

! : _ a*p?y
D= 5 / vHdr' (affects amplitude) AT = / (1—CT ~ 52 )d'f (affects phase)
. I T LA LU LU L B L B IR R LR LR LR LRLER
| In f(T) graVIty: o015 |- :r?{zj?]%[] . 1.0005 |- —ACDM | -
i “n=10"] ] - —n=10"
. ¥ worl 0 - - —n=10"
hij“l‘SH(l_ﬁ'[')hizj‘l'_thj:O = 5 A
‘ Tooa n=10
o 0005 — n=10'6 —
ir : A4 n=10"
br = ~3mm o | A AR A R—
0,005 IIIVIIII =
1 P S IR NI A O R R S A A SRR A AN E“:'m:ls_unun|||||||||||||||||||||||||||||||||||||||||||| .
0.015625 003125 0.0625 a 0,125 0.25 0.5 1 04 0.5 0.6 D; 0.8 0o 1
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Gravitational Waves in
Modified Teleparallel Theories

1
J..g —_
. 167G

/ d*z e f(T,B) + / dzel,, R=-T-2V"T",,

- fTGpv + (H;LVD - V,uvv) fﬂ

+ %g}w (f8B + frT — f)

+ 281;‘1”6& (fT + fB) = 81 e,uu

- Juv = Tuw + h;ﬂv) + O (hﬁ})

/ f(ﬂ) B \
—2A exp(ik,xt) — BB(D) Bj exp(ikyzt) By exp(ikyat) —2A exp(ik,z*)
fr
(0) p(1)
B exp(ik,z") hy + % hy B exp(ik,z*)
B(D — fr
(77 f(D)B(l)
B; exp(ik,x*) hx —hy + BB(O) By exp(ik,z")
f
g f(O) B(l)
\ —2A explik,zt) Bj exp(ikyzt) Baexp(ikyzt) —2Aexp(ik,zt) + B:(u}
T

[Farrugia, Said, Gakis, Saridakis, PRD 97] 363



The Effective Field Theory (EFT) approach

The EFT approach allows to ignore the details of the underlying theory and write
an action for the perturbations around a time-dependent background solution.

One can systematically analyze the perturbations separately from the background
evolution. [Arkani-Hamed, Cheng JHEP0405 (2004)]
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The Effective Field Theory (EFT) approach

= The EFT approach allows to ignore the details of the underlying theory and write
an action for the perturbations around a time-dependent background solution.

= One can systematically analyze the perturbations separately from the background

evolution. [Arkani-Hamed, Cheng JHEP0405 (2004)]

172

S = / d4;r{1/_—g [Aip ()R — A(t) — b(t)g™
+ M3 (6g"°)° — m10g" 0K — M56K” — M30K} 6K}
2R 36"y %+ A1 SR+ Nad Ry S R + p.?(sg“”aﬁ}

TRV pO L _HVPT o~ KA
+ Il C C,u.upcr + V2 € (-",u.y C,OCTH)\

My, i )
+vV—g {TB(OQDD)B — (89" ) 0K + ” :

The functions W(t), A(t), b(t), are determined by the background solution

[Gubitosi, Piazza, Vernizzi, JCAP1302]

<- background
<- linear evolution of perturbations
<- linear evolution of perturbations

<- linear evolution of perturbations

<- 2"d-order evolution of perturbations
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The (EFT) approach to torsional gravity

Application of the EFT approach to torsional gravity leads to include terms:

i) Invariant under 4D diffeomorphisms: e.g. R,T multiplied by functions of time.

ii) Invariant under spatial diffeomorphisms: e.g." - £ and 1"

ii) Invariant under spatial diffeomorphisms: e.g. 3) , (3)Tﬁw , KW‘, R’MU
the extrinsic torsion is defined as

o _ — - A 1 00
B,u,}/ = ]?EVU?lij —_ B!_“l} - K r}#TIA —'_ :'rl‘u_ gﬁT v o

R,u,u,oo

with 7. the orthogonal to t=cont. surfaces unitary vector 7ty =—=£

[Cai, Li, Saridakis, Xue, PRD 97], [Li, Cai, Cai, Saridakis, JCAP18]
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The (EFT) approach to torsional gravity

= Application of the EFT approach to torsional gravity leads to include terms:

= i) Invariant under 4D diffeomorphisms: e.g. R, T muItipIied by functions of time.

= ii) Invariant under spatial diffeomorphisms: e.g."» B and 1"

= i) Invariant under spatial diffeomorphisms: e.g. (3) , (3) ., , Kuv , K;w
the extrinsic torsion is defined as

e ) N L o0
Ky = hiVon, = Ky, — K7, na + 1y QOOT v

R,u,u,oo

i')',u,
with 7. the orthogonal to t=cont. surfaces unitary vector 7ty =—=£

Using the projection operator hf we can express )R ,,0 = h*h2h h Ragys — KupKye + KupK o

w'tvtptta
/

hehehITe 40 =3 T1

[Cai, Li, Saridakis, Xue, PRD 97], [Li, Cai, Cai, Saridakis, JCAP18]
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The (EFT) approach to torsional gravity

= We perturb the previous tensors, and we finally obtain:

R_H:z'xpa = fi(t )GupGvo + falt Jgﬁﬁﬂ'uﬂﬂ' + f3 (f]gﬂ_ggyp
+ fa(t)guomuny + f5(t)Guonumn,
+ f6(t)gupnyuno,
T{ﬂl = 91(t)gpuny + 92(t)gpuna,
,m.; = f7(t)guu + fs(t)nun,.
K© —q

ny

where the time-dependent functions are determined by the background solution.

[Cai, Li, Saridakis, Xue, PRD 97], [Li, Cai, Cai, Saridakis, JCAP18]
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The (EFT) approach to torsional gravity

= Finally, the EFT action of torsional gravity becomes:

M7
S = /d4;1:1/_—g{i EW(t)R — A(t) — b(t)g™ +
+53)

2
= The perturbation part contains:

ME o
()T }

i) Terms present in curvature EFT action
i) Pure torsion terms such as 6772, 675" and 6177 5T,
iii) Terms that mix curvature and torsion, such as 670 R, 5¢°°6T", 6g"Y0T" and 6 KoT"

[Cai, Li, Saridakis, Xue, PRD 97], [Li, Cai, Cai, Saridakis, JCAP18]
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The (EFT) approach to f(T) gravity: Background

= For the case of f(T) gravity, at the background level, we have:

M3
2

S =

[ a5l = TR+ 2fo(TO)TO
=T fr(TY) + f(T))]

where by comparison: ¥(t) = —fr(T'")

M) = 2 (70 177 - ro)]
d(t) = =2fp(T)
b(t) =0 .

= Performing variation we obtain the backaround equations of motion (Friedmann Eqs):
& O d BHd)

— ATZ2 I = o -
b(t)_ﬂ.fp'lf( H 554V 55 15 " 19

1
— §(pm + Pm).

—Aq2 2 5HW . N d 3Hd
B %(pm ), [Li, Cai, Cai, Saridakis, JCAP18] 370



The (EFT) approach to f(T) gravity: Tensor Perturbations

= For tensor perturbations: goo = —1, goi =0,

gij — a (613 + hz; + = h khkj)

= We obtain:

(S}H =~ —Ea (O‘ hk;() hm) 3

K”Kﬂ iH + 'ii’t'jhij 3

K ~3H .,

T =T9 + O(h?)

= 6H2 + O(h?)

I.e.

MZ g . - ..
= And finally: § :Tp /-dd:x:ﬂ.f—g[‘fTT (u_gvhij -Vhi; — hfjh@j)

+6H2 fr —12H fr — 7O fr + f(1)

[Cai, Li, Saridakis, Xue, PRD 97]
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The (EFT) approach to f(T) gravity: Scalar Perturbations

= For scalar perturbations:

= —1-2 ;
900 ¢ e =50 + 8% + adl 0, ,
90i =0, i.e 1
gij = (12[(1 — 20)8i; + ;05 F] 63 :(]5;5: + 535;]6%5 + G(SEL(S;I [Eijkak(f — ?/)(53'3; + éﬁzajF]
= So T°=g"%T",=-3H+6H¢+ 30— 6He> — 6
1 1 3 . 1. 1
+ —0;0;x — —0;p0;x — —P0;0ix — — O 0;x + —10;0;x
a 2a 2a 2a 2a
= Thus:

2 " .
S — f Atz [% (—2a Fronbdid + dafrd;pdiab + 4a> frdabdix + 4 fTaQH(‘)t-?r(‘Jix)

+ a3 M?*n? — a3(p5pm]

[ Li, Cai, Cai, Saridakis, JCAP18] 372



Gravitational waves and Modified Gravity

Modified gravity roadmap Constrained by

Massive
Gravity
mg > 0

General
Relativity

Unique theory
of massless g,

Additional
Field

Break
Assumptions
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ravitational waves - Observations

= Observations: 80up to now (69 BH-BH, 4 NS-NS, 3 NS-BH, 4 uncertain, 19-85 Msun, 320-2800 MPc)

Designation

150914+4-09:50:45UTC
1512264-03:38:53UTC
1510124-09:54:43UTC
1510194-00:23:16UTC
150928+4-10:49:00UTC
151218+18:30:58UTC
1601034-05:48:36UTC
1512024-01:18:13UTC
1601044-03:51:51UTC
151213400:12:20UTC

60° . 60°
30°

h S720h B dh o\

30

Event iy /Mg, s /Mg, M/M,

GW150914 35.6'2%8 30.6'39 28.6'1¢ 1509234-07:10:59UTC
(,iWISI(),I'J 23,3‘1:::’ 13.6 "j:" 15.2:;,"',' 151029+13:34:39UTC
GWI151226 13.7'%%  7.7+32 8.9'93
GW170104 31.0°72 20.1*%2  21.5'21 1512064-14:19:29UTC
GWI170608 10.9'33  7.6'%3 7.9+93 . -
GW170729 50.6*15S 34.3°%), 357'¢3 151202+15:32:09UTC
GW170809 35.2:53 23.8133 e 151012+4-06:30:45UTC
GW170814  30.7*37 25.33% v1a

s 00 151116+22:41:48UTC

GW170817 1.46'313 1.27'333
GW170818 35.5%73 o2
GW170823 39.6'19°

151121403:34:09UTC
150922+05:41:08UTC
151008+4-14:09:17UTC
1511274-02:00:30UTC

= Expectations: Many thousands in the next years
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LISA

LISA will be comprised by a constellation of three spacecrafts on heliocentric
orbit. Each spacecraft will enclose two test masses kept in free-fall
conditions. The differential distance between the test masses of far-away
spacecrafts (across 2.5 x 1076 km) will be monitored by means of laser

interferometry.

~____ gravitationaluniverse

e ——

3 satellites
2.5 million km arms
50 million km behind Earth
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FI1GUurRE 1 — Left : Cartoon of the ESA LISA constellation and the orbits designed for the mission. Right : Plot of
the LISA sensitivity and the most probable sources that LISA can probe. We expect to measure supermassive and
stellar-mass black hole binaries, as well as the ensemble signal originating from the ultra-compact binaries of our
Galaxy (mostly Double White Dwarfs).



Taiji Program in Space

= The Taiji Program in Space, is a proposed Chinese satellite-based
gravitational-wave observatory. It is scheduled for launch in 2033 to study
gravitational waves. The program consists of a triangle of three spacecraft

spacecrafts (across 3 x 1076 km) orbiting the sun linked by laser
interferometers.

Taiji Program in Space
ravitational wave physics

G 2 15 b

KA TE




5000 years of observations
500 years of organized observations




Multi-messenger Astronomy Era!

EM observations: 400 years GW observations: 6 years
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= "There are the ones that invent occult
fluids to understand the Laws of Nature.
They come to conclusions, but they now
run out into dreams and chimeras
neglecting the true constitutions of the
things...
However there are those that from the
simplest observation of Nature, they
reproduce New Forces”...

From the Preface of PRINCIPIA (II edition) 1687
by Isaac Newton, written by Mr. Roger Cotes.
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= "There are the ones that invent occult
fluids to understand the Laws of Nature.
They come to conclusions, but they now
run out into dreams and chimeras
neglecting the true constitutions of the
things...
However there are those that from the
simplest observation of Nature, they
reproduce New Forces”...

From the Preface of PRINCIPIA (II edition) 1687
by Isaac Newton, written by Mr. Roger Cotes.

THANK YOU!
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